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LOGARITHMS

1.1 INTRODUCTION .

A power function has the form
y=a" A\ “ (D)

We often say that ‘a’ is raised to the power x. ‘a’ is known as the base, while ‘x’ is called the power or
exponent and the power function means ‘a’ is multiplied by itself x-times.

Thus,
F i -
= axax... Xtimes
For example,
y=2
= 2 x 2 x 2 (3 times)
= 8
2=3 \
Inversely, if we are given the base 2 and its power 8, that is,
2'=38 '

then what is the exponent that will produce 87 We know from the laws of indices that 3 is the exponent
to which 2 must be raised to produce 8. But in case 2* = 5.5, then we cannot answer the value of x by

merely tables or inspection.
Here other exponent x is called logarithm. We call the exponent x the logarithm of 5.5 with base 2.
We write :
x = log, 5.5

We write the base 2 as a subscript.
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12 T il S T A I T
- . . ithm OR a logarithm ; \
Definitior he power function is called a logart 8 S an ey op, i
Thus, the inverse of thep dto find x=g () that is in present case, from Quation ey, Y ogarithms i
. = we often need to fin p ) 1 5 -
Given Y f(x) - () j Any positive number except 1 may be sclected as the base. Thus,
i f the logarithm. X = log, y ifand only if a*=y. J the logarithm to any base of 1 Is zero.
. t of the lo g . o ) & : :
yis called thc:.arg\flmen « shown in Fig: 1.1 and are cquivalcut. They are m,er_%nven.h X For example : log;p 1 = 0, »log, 1=0, logyy31 =0
Thesc alternative forms ar | tive forms. il le, g
3 e e two a ternal 1.2.2 TO ShOW =
positions of the different quantities in thes T o, Nn‘ That log,a=1
/ \ & Wehave a' =a
o m log,y=x log,a =1’
4 Thus,
E"Pg::ﬁa.l Base L°§;:;l':m‘° . st The logarithm of the base itselfis 1.
Fig. 1.1 } .3 COMMON LOGARITHMS
Thus, for example, if i 2 In science, large and small numbers are often expressed in scientific notation. For example,
(i) 10% =100 then logo 100 = 2 1000 = 10°
1 1 . : . 3
(i) 107 = 7g then logioyg = -1 : % T .
i ’ | For this reason powers of 10 are very important and we ly want to calculate the exp on
(iii) logs 35 = -2 then 57 = 35. :

Remember that exponential and logarithmic functions are one-to-one functions., Thy
inverses. We can always write
y = a%y L ey
which emphasizes that a logarithm is just an exponent ofa power function.
The folfowing rules of exponent are extremely useful in understanding logarithm in.d
numbers a, x and y, we have :
(1) a*-a’=a*"’

2*

@) 7277 ifx>y
= # if y>x
G3) (@Y =(@)y=a
@ =i
a
%) a¥ = gy
(O] a% =]
) a'=a

1.

2' TWO BASIC PRQPERTIES OF LOGARITHM
1.2.1 To Show That log,1 =90 -

We have a%= |

log,1 =9

tis they o)

i 3

¢

epth. For ilr

such a power. For example,”
: x = log;p10* = 3
and x = logjo 3510 = 3.5453

The system of common logarithms has 10 as its base. In other words, the base 10 logarithm is called

ommon logarithm.

It is written as log)o a.

.

20t

Often the subscript, that is, base is typically dropped. Thus,
log a means log,o a.
Similarly log 100 =2 implies that the base is 10.
Here are the powers of 10 and their logarithms.
Powers of 10 : e 1 L 1 10 100 1000 | 10000
1000 100 10
Logarithms : =3 =2 =1 0 1 2 3 4
A scientific 1 may be required to 1 such exp Note that log; key is usually

mplemented as inv 10" or vice-versa.

1.4 NATURAL LOGARITHMS

The system of natural logarithms has the number called “e™ as its base. “e” is named after _thc !8"'
entury swiss mathematician Leonhard Euler. “¢” is the base used in calculus. Since the number_ “e‘" is arises
rom the description of naturally occurring processes (radioactive decay), the logarithmic funcuon» base_d j.m
owers of “¢” is often known as the natural logarithm. “€” can be calculated from the following series
nvolving factorials.

1
=187+ 57+ 3t e

N
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Nofc that n! = 123....(n=1)-n 4 it R 1 Logarithms 1.5
3=123=6 4! = 1.2.3. ] -s.;ppmxima'd% This implies

* s i

“e"isan irrational number whose decimal value m = a° and n = al

2.71828182845904
The base ‘e’ logarith
To write it, we usc the notation
“In" or “log”
Inx means log, X

This function can also be foun
usually marked log, x or In x. You may have to press

m which is the inverse of €' is called the natural logarithm.

d on a scicitific calculator in the same way as finding logio x. The
«nv* followed by c* if your calculator doesn* <!

log ¢ for In key.

The exponenti .
can be expressed as a power of ¢ with a scaled exponent

ial function can be used to define any other function, power function, because any by

at =t Iln.

1.5 RELATION BETWEEN COMMON AND NATURAL LOGARITHMS

Common and natural logarithms can be expressed in terms of cach other as

; m
loge N = ﬁﬂ% . ... By the rule of change of base log, (;) = log, m—log. n
. 1 1 “The logarithm of a quotient is equal to the logarithm of numerator minus the logarithm of the

Since logipe = 0.4343 and Toge = 04343 = 2303 W ienominator®

log. N = 2.303 log,y N where N is a positive number. Let logam = p and ~ log,n =gq

= = ad
The natural logarithm is especially useful in calculus b its derivative is given by the si " m a’and —"
s equation itk ... By law of indices

d 1
&= [loge x] = X

[SEuay

1.6 LAWS OF LOGARITHMS

Ifa>0,a# 1, 'm and ‘n’ are

positive rcal numbers, then we ha: th i ithm
Tl ot = ve the following rules of logarithms|

valid for any base, we will prove them for base a.

1.6.1 Logarithm of Product
We have
log, (m xn) = log,'m +log, n

' “The logarithm of a product is equal to the sum

rioy of the logarithms of each  factor”.

The function y=

1.6.2 Logarithm of'Quotient

log, x is defined f iti !
iind qsuch that ined for all positive real numbers x. Therefore there are rea] numbers p

P =logm and q = log,n

Therefore, according to the laws of exponents,

mxn = a°xa?
= aP*q
|
log, (m x n) = log,a”*? |
=p+q
= log.m+log,n
Thus,
log, (m x n) = log, m+ log, n .

Corollary : It follows that
log.(mxnxrxsx..)= log, m + log, ri + log, r + log, s + ...

" The conversc is useful in expressing the statement in a single logarithm.,

We have

.log, (%) = log, (a""9)
=P-q
Thus,
m
log, (:) = log, m-log, n.
Corollary I:

log, (T:sn) = log, (m'x n)— 163. (rxs)

= log,m+log,n-log,r-log, s )
Conversely, while writing sum or difference of logarithms into a single logarithm, the positive terms
Itiplied i and the neg terms are i

in
2x8 |
Bx4

s (3) |

g

n

g,

PT
are 4

For example :
log2—1log 3 +log 8 —log4

log
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S 16
Corollary i:

1 K = 0-log.n = -log.n
log. (E) SRISIET

Thus,
logs G;) = -logn
) - e 3)
It follows that loga (‘;) = -loga \{n
“The logarithm of inversion of a fraction changes by sign only.

1
b\ For example, logz (g) = -log; 8

1.6.3 Logarithm of Power

We have

log,m* = n-log.m N

“The logarithm of a power of m is equal to the exponent of that power times the logarithm ofm.»

Proof :

There is a real number p such that -
p = log,m .
m= 2’

The rules of exponents are valid for all rational numbers n.
m' = (@) = ™
This implies log, m" = log, 2™
=pn
=np

1

=n-log,m
log,m" = n-log,m
For example,
log( 16 = log, 4*
=2-log4
= =2(1)
=2

VA |

© 16=47
.. By this rule
. log,a=1
1.6.4 Rule of Change of Base

We know the values of logarithms of base 10, but not for any other base, In this case, we convert a
s ”

e, say 2, o by,
Thus, » 52y 2, or any other base by realizing that the values will be proportional.
logyx = k. logyo x

Sl (D)

L" —

<

—— T T i W T

garithms

k Each value in base 2 will differ from the value in base 10 by the same constant k.
Now, to find that constant, we know that
log;2 =1
Therefore, on putting x =2 in equ. (1) above, we get
loga2 = ¥ .log,p2
1 =k-log,2

K logyo 2
Substituting this k in equ. (1), we get

- logjo x
logy x Togio 2

. Now, by knowing the values in base 10, we can in this way find the values in base 2.
In general, if we know the va]ues in base a, then we can change to base b as follows’ 5
log, x ’
logyx = Egn » X#1,b# 1,x and b are positive real numbers.
This statement is known as the rule of change of base.

" Corollary I : Putting x =a in the above expression, we get

log,a 14 |
log,a = log.b |
But log,a=1
1
log,a = m OR logy a x log, bff 1

|
For instance,

. 1
(i) log.10 = Togro e

= L

(ii) _logg4 = log, 8.

Corollary II : x
N

For instance logy 8 = log;32® = log; 2

logs x" = log, x

We will practice the use of all these laws in the foll

ing ill i 1

The following facts will be helpful solving problems on logarithms :

(1) log.2*=x (2) logi 10*=x
(3) log.e*=x (4) a“s*=x
(5) 10%810% =x (6) €% =x

(7) loga=logb ifand only if a =b. The converse is also true.

(8) The following table of powers is a tool for quick answering. Therefore, students are advise to

emember them through practice rather than merely memorizing.




VA |

14

-

T harkhand polytechnic Students

F.Y. Dip. in ENgGg. dem. - | Byg

19 -

Mo L
/—/d-m Index of 6 \
L8 Index of 4 By 6 =1 lnd!x
agerofz_| Indexof3 — | ! . SN l"jogarithms
e = -
‘?,IL:T, 30=1 :, _4 5'=5 61 6 7 N (3) Evaluate or find the values of the following :
a2 3'=3 2016 52=25 6’=36 7z§4 ( (a) logs 125 ®) logg 4
Y4 =9 “4, " §=125 6 =216 7,§3: L © logu32 @ log, 5 12
i . _ 3 1 »
=8 3‘ 2: 44256 54=625 {| (e) logy g7 ® logs (logy 3)
‘=16 3= 55=3125 i : 1
;, 2 35=243 i (® logs\b-log, 5.
2=64 3¢=729 % Solution :
21128 | (@ Let logs 125 = x (Logarithmic fotm)
2'=256 L’_’__ = st=125 (Exponential form)
Pasiz | 1 e x =5 ... From indices
i ! p: :
(9) Common Mistakes : Be Careful !! | MC] X2 ) JL g logs125 = 3 -
(i) 10&(;51y):logxtlog.y L

(i) (log.)" #

(iii) log./ G) #*

n-log, x R
MM‘

Togay

(&
197 ... ILLUSTRATIVE EXAMPLES .........

(1) Write the following results into their equivalent logarithmic form :

(a) 25=32

L
(©) 107 = 705

® 7'=1
- _ 1
(d) 9"’-3.

Solution :
(a) 25=132 = log;32 =5
®) 7= = log;1 =0
~ 1 1 9
© 107=75 =  logoygy =2
e 1 1 1
@ 9= 3 E logs3 = -3
(2) Write the following results into their equivalent exponential form : 7
(a) log;343=3 : (b) logsg3=1
! i
© loga3c = -2 @ loga 3 = -1
Solution :
(:) log; 343 = 3 = 7 =343
(b) log,ll =1 EN P=3
(c) 10g63—s=—2 = 64:3—16
1 1
d I=-5
(d) logg, 3=-7 = 81y =%

‘1' Note this problem can also be solved as below. But the first method is more ea;y
; logs 125 = logs 5°

3-logs S ...By log,a"=nlog,a
=3() ... By log,a=1
— 5 . ;
Both above methods are valid. Use that which you {ind more convenient.
1 (b) Let loges 4 = x (Logarithmic form)
i . 64" = 4 (Exponential form)
@y =4
W42 g ... By indices
| 3x = '
Z x=1
: a .
A l loge 4 = % -
¢ 1 ~ 3
, (c) Let logig32 = x° " (Logarithmic form)
9 : 1'6" =32 (Exponential form)
kS @Yy = 2’_
. 2203 ...By(@)'=a™
4x =
5
i X=2
: logis32 = %
(@) Let logy 312 = x (Logarithmic form)
58 (2 \ﬁ)‘ =12 (Exponential form)
. %
= Observe that 2V3) =4x3=12

™
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F. Y. LIp. 11 Liigy. Oem, | I
Bagie
lo 12=2 . i
Al 1 (Logarithmnc form)
logs g1 = * '
Let 81 .
© o = 1 (Exponcmlal form)
=3l ) i
3K (3-4)1 ... Converting on both sides into o
or=6d e S
2x =4
x=-2
l .
logy 37 = -2
(f) logs (logs 3) b
Observe that logs 3_= 1 i
logs (log; 3) = logs 1 5
=0 i ...Bylog,1=0
logs (logs 3) = 0 afon ;
1
® lng,\[t-;—log.£= log, b +log.a ... By log(;) ='—logn
= % log,b+1
=%+l . BY log.a¥1
_3
=2

(4) Express the following as a single logarithm in their simplest forms : d

\Wo/g5+log3-log2

(€) 2log,e 4 -% logio 16 +1

1 1
, (b) 2 log 9 + 3 log 27

Solution :

(a) logS-HogJ—logZ = log(sza) = logl—5

1
3 log27

1
(®) 5 log9+
= log 92+ og 2713
= log3+log3
= log (3 x 3)
= log9 - . .

-+ By nloga=log a"

(d) log (xz—3x+2) —log (x-1) + log (X—Z). '

e

1
(c) 2 Iog“"‘_i logio 16+ 1

Ly n
logio 4? — 10gi0 16 + logo 10 -« Note that 1=log,, 10 as base 10 is in other terms.

= logio 16 — logio 4 + logo 10

(16 x 10)
= logio ry

= logjo 40
(d) log (x* =3x+2) = log (x—1) + log (x - 2) '

x=1

!x—2)§x—l[§x—2)_]
x=-1

= log

= log

= log (x—2)

= 2-log(x-2)
(5) Solve for x:

(a) logsx = 2 _(b)log;%-x

\9,16{;](:‘-2) =2
(e)-1og2x—logz (x—1) = §

(d) logs (X =Sx+11) = 1 °
(D logx+log(x+1) = logé.

Solution :
(a) Given logsx = 2
Converting it into exponential form, we get
x =5 =25
1
(b) Given log, 3 = x
Converting it into exponential form, we get,
-1 . o1
B=3=2
= =-1
(c) Given logs (x=2) =2
Converting it into exponential form, we get
x-2=4
x-2=16
x =18

(d) Given logs(x*-5x+11) =1
Converting it into exponential form, we get
KR-5x+11 =5
X*-5x+6=10

(Quadratic in x)

B ST s e X
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\Q—m

L2 -9 =0
Factorising. (=20 x=3 | Logarithms
. original equation If we let cach side be th i 2t
k : Substituting X = 2'inon - 1, satisfied we i € exponent with base e, then
Chec! = logs5 =1 1+x c
logs (4~ 10+11) -x~"°=7
ubstituting X =3 = 1, satisfied: I+x =c-ex
S 11) = logs 5
logs (9= 13 on of the cquation: ’ xtex=ec-1
Both x =2 and x =3 are the soluior s G+9x=e-t
=5 =1
(¢) Given log2X— logs (x= 1) - x= 1
=5
log: (x_ 1) olve 2" ~5(2**") + 16 =0,
X ot . Gi X _ g, px+l -
Converting it into exponential form, We & olutlon : Given 275271+ 16 =0
X__ g8 : Rewriting using laws of indices, we get
x-1 (2)-5.2.2+16 =0 ”
x=32(x;21) uis o Let 2=y
= 32x- e = 3
g Y -10y+16 = 0 (Quadnatic iny)
~3]x = =32 Factorizing, (y-8)(y-2) =0 .
32 = =
x= 30 . IS
But y=2*
() Given logx +log(x+1) = 1086 } e =8 o 22=2
logx (x+1) = log6 ’ ! B2 =" ol =L
Droppmg logarithm from both sides having same base, Tt 24 3 S
. 4 x(x+1)=6 | .. Solutionis x=3 or x=1.
. - ’ ¢ - . _l _1
: x*+x-6=10 o \Q/fvalune. Togs 10+ 10830 10
o Factorising we get " : 148 Solution : By rule of change of base, we have
(x+3)(x-2)=0 1
< x=3 or'x =2 Togs10 * log;o 10 = logio 5 + logey T6)
j g Check : Putting x =-3 in original equation. : ! k = |.°B|o (5x20) Converting into single logarithm
. log (-3) +log (-2) = log 6 is not defined as ’ } . = logyo 100
log (negative number) does not exist. & x=-3 isrejected. g 2. L =
Putting x =2 in original equation 4 . X ol = 5P log el =n logem
; - =2Q) ...By log.a=1
log 2+ log (3) = log 6 is true. =2 5
x=2 is the requi i vt
1s the required solution. - : 2 “§ (9) Provethat
(6) Solve forx : . ‘ log, a x log. b x log, ¢ =1, where a, b, and c are all positive numbers.
.Iog (I+x)-log(1-x) = 1, . F | Solution :
Solution : . $ " ’ L.H.S. = log,a x log. bx log, ¢
I 1 +x ,A
%8 1_x { I
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1.14
I f base,
By rule of change © logh _ logc )
'losb X logc X loga
= \
1 17*” ag)
= RHS. p e 3
"
Lt S T\
‘@ B e Ived usmg thc f%! of indices. & QL\“ EE i
Flution : This problem could be solve é)‘ m \
U'sing " =1 n'{ﬂ\“rg“r =1 \ -\ <
X2-2x=0 X-3x+1=1 s
" : a0
x(x-2)=0 x'=3x ,
x=0or x=2 o x=0o0rx=3 }
Combuung the two results, we hxve 1
"x=0,2,3. :
an Find the value using rules of logarithm : ,:
1
2Iog( )+log(133)-log(72)
1 r
Solution : Given: 2 log 6’) +log (13 3) -log(73
Convem‘ng into single logarithm followed by simplification, we get -
- ) (D)
=Iogl—6+log-§--|nglz—s 3 |
9 40
= 16x 3 it >
= log 5 . :
2 "
= lo [——9 L L9}
2 [16x3x15
=1logl
=0

\(y/Solve: log;x+logx = 2.
Solution : Given logax +logex = 2

By!hemleoichmgeofbase,w:gz

logx |
TL O X
og 2 + logd = 2

;OL; + goux 2

o, S g

82 " 2-log2 .. Note that log 4 =log 2*=2-1082
log x 3

4+ £

log2

-

1.15 ,
logax = 2 x %
i L
ogax = 3
x =22 = @Y =167 - .
(13) Given log,3=p, log,5=q,
Find : (i) logisy, (i) log, 15y%.
Solution : Given:log,3=p, log,5=q
: I
() logisy = Tog T5 .. By rule of change of base
1. .
~ log, B x5)
T
~ logy3+log, 5
p+tq
(i) log, 15y* = log, 3 x 5%y’ °
= log,3+log,5+210gyy -
~prar2) 4 o R e
£ p+q+‘2 ; e
'~v.r‘ . .’“'-, P
Jo, : C vl
T cossvenns EXERCISES conssqion
(1) Write each of the follomngmlogamhmxc form: -
@ 2= Irc3 ® &=1 o 2
it AV RN b’ ks
©, 10 -0.{ @ 4= ‘- et 2=
R n 4 . F
() 27" = 3. X
. 2
(2) Write each of the followmgmexponcnual form K\Sﬂ
(a) loggp=r ®) log232 L 292 % \ur*"
j ) 1
(c) logi0.01=-2 ‘(d) login g = . ’\/ b
- = y

3% A
mwa
(R

(3) Evaluate the following :
(d) loge 0.001

(e) logn9 =

(2) log S\ﬁ 39‘(\'1@"&)

v (c) log: 3s¢ 256 QU% X‘\L‘ﬁ;@‘
q 1&31—\-\6?

(f) logs 16
)?/l/ f

(e) logs 27
7/~ :
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~3Sic P———
. '1
116 Joga (log X)) 2 Lﬂﬂa log = ! s ~
3 i - dogas A e s 2
Nw N Y o ;"—\%5 T B - ar 329 194, ‘“‘3"}2 G, C
%‘ 7 2 g r 33 a Jfg § lﬁi:jx“‘w‘j'.n ;\/ L= | Q:'{? £||) Given 3-3! and b= 3‘ find Iogga+lognb mtzrmgg{pmdq
L sw og, -2 a'l [E2 %Y 2 7Yy KX ‘L%{’-\ (12) Obtainy in terms of xif logio (y — 1) =3 logio x +2.~> 329t~ ) = _\33‘01 A
@Z th ,-ouov,mg into single logamhms. e g N . (13) Given that 2 log (x+y) = 3 +logs x +logs ¥. LU - 1;'3\-
97 (4) Convertte k‘g‘n / A — oA “;1 Show that x2+y* = 6xy. ~ 193,00mP=323a2" -1 -ﬂ 1 L‘L»'\ =
H (@) 21g03+3108? @ s KA ol 14) Prove that : T + T 1A uﬁ)‘ PR )
9 rove that : 7——— e O
L () 2leestloEd 4-log? / W S ( (ot et : *L.ﬂ“‘“ P
> AT |°S102+3 / 3\/>\/ 5 (15 P’°V°"h?' log.ahc Io a;;: [ L__ ) > g ot ks \M“ “'\
%w 3 e 1 / )1’ E s | og. abc ano.
< +Iog 8" .
@ log -log g 4 o 4 m,"r (16) Provcthat Iog‘bc-}] 10&.“1 1°g,ab+| =1 W .
i forx: ~ \ . -
(5) Solve the following N‘;’mz;, o 2 > ) (17) Provc that : log (q)+log (9)+log (D) =0 .ﬂf ‘t)" ”;;T)&h'
+logyd = B )‘9'%7 -
:’) ::& :x“;‘)’ » Y 16922  ASFIE logp=q and |loBar = prove that logyp = . (PO by
il ] 1 o~
il log8+log2 = logX g 342" i ((()rProvetan '°8~'” S 02 b+1 * Togyer1 = 2 WAt ey =) -
q‘.:‘:‘ﬂ L 3 % §5 4 ) < 7\1 -7 )ﬁ'?if i MJ him 1
Wi og;x*logz(l*’z) s T : i we... ANSWERS ...\ %4&*‘;& o byack
a’ z .
Te) logio (X +6x+28) = 2 ® \o X *)\9/‘:*3 Vo MA’U M @ l°g’8 E &/ y‘y (@) logs1=0 » < ;‘ Y(“d’\ ‘3
(0 log(x+3)+log(x- -3)= 10327 \*W a7 ki ﬂ (©) 10gi00.1 ==1 Q @ l°g‘ll_6' iy [\)\:Ln re
g x+2-log.3 = o by o i 005 1 > - B
-,O\p " Y (¢) logn 3 =-3- \‘} e .
/ (h) log: (x+2) - loga —3 LQL;\' o s Ty, NG A ) . - o . Q\M\ﬂ-l.u\ﬂ w
o o Jml&%‘\, \’L%l/*" Z s ) (@ p=q &%3 ®) 25132 e
/ "t oMW o 102=0.01 ~ g y_1 v
/ () log(3x-5) = - u| ‘5 ;A \3:’/“"3/0)/ © | \3 7 \9\‘ (@ (2) =3
| (6) Solve g following: %,\, o -2 = Rl ~° 5 ’_*
{ f ‘ c e : o =
., gher-n2= of:a\’/,}; 5 ‘5*3?*330‘%‘3 ® @3 22 o3 \J/ ¥} e
L S e = 2n g g e Aoy - © 8 @9 w } ¢ An
\ 1 ? ek Y 3 ’ S 4 B LN .%o
\ L ez = t0p s — =3 ot © 3 A X [ a°=>) 7
N 4 \ =\ 3’/13;. 2o 3 - \(_,\‘ 3 \B%O" = \ %—
w1 - s = g e 8 o sl
Sk = 3 : \ \
@ e g NS = & ot
" _Lisgetr ) e — Yt \ o
A ‘ﬁ%i/k.,,.,nﬂ) log: flogs (logs x)] = 1 163> 1? m};ﬁ =% @ @ log(72) R (®) log (100) °@° 5 | \‘3:-%
w':‘ (2) logss [log; (Sx - 2)] = &% (m sy Mo <7 (Sat (©) logie2000) K @ hg(_;%). NI L&:(}M §i 2
o2 @) / L ‘ S NCT oS f oo |
i »( val ]Dgl.z 1z '_, _l ﬁ G @ x=3% (®) x=33 5—9‘\\ w(;‘bu /'/ ‘Q}f RS
37 @) Evaluzte: ”‘71»: ws TNy o [ St
L3 2. = G (d) x=2 /
s Gi og’5*‘011:40 3ogy 0.2 5. -4—,,'1-2 () x=-12 or 6 ® x=6 Q88 ’ ’g“}*—?
en 108(y) = 9 and 10g(%) - W= ! ® x=3or9 2 Q! / s)\‘\ o
°2\y) = 2.find logx, | N ) x=3 g N
Giv og x, log y. % £ @ x=0 Z / g =
cn!hazlogz7x=aandl%y=b J5a 0 ) Yh"b D) x G x=2. y & .
il f“““og;(y)—é N O IR G e P
s:’% .y - =30
-3 Sl S5 T8 ]
a 8.2 L s 59 o :
L ol L - s |
PSR BES AT A




118 ® x=0
©®@x=2 @ x=5 725
(©),x=25 0135  x=81
() x = 16
(@) x=126
ms
® 0
© 5.3
10 3: 2
an5+3
(12) y = 1+100 x.
" yee PROBLEMS OF BOARD PAPERS 66

1 1
(1) Simplify : ——’lm 10 ___log;.w‘
Ans. Solved Problem (8) on Page 1.13.

(2) Find the value using rule of Logarlthm

Ansh v LHS. = log, 6 * Togs 6 Iog,6

log96 V4
= logs3 +logs 8 +logs 9

= logs(3x8x9)

= logs216 = logs 6’ = 3logg6 = 3x 1 = 3
=RHS.

w ’(}9I Mllhl

X1t Yilo = D)
X+ ydas = 72!

‘ PARTIAL FRACTIONS

/1 INTRODUCTION w&” ; r\ Ag

'1/
2l0g ( ) +log (13 3)— log (7 ) W0y, M"h‘ Consider the addition (pf/ ¢ simple fractions as sho ]nw /@:(
1 1 2x + 1 a
—_— A
Ans. Solved Problem (11) on Page 1.14. 02t Tx-1D(x+2) x2 +x - 2 N c* B
, e} 4+
+6)=2, find ‘X’ [S'10 8 .1 2 ___3 Sx -1 _5x-1 o LN
@) Iflogs (£+6)=2 Mg @) 5+ T T T T T G- DG ) TP %y P K e )
Ans.Given . logy (x+6) =2 les. if ‘V‘K""%b iaf" 2x + 1 1 1
x+6 = 31 » COnVCﬂing into exponmh_ In these P if by some p , we are able re 2—+:—2 X+ 2 + x =<1
x+6 =9 nd -:—,x_;i as i + 3 _2_ 1° ,‘3?. then the simple fractions into which a single original fraction is
, X =9-6=3 Z . plitted are called its ding Partial Fractions.”
(4) Prove th:-t: ﬁ,—‘; + oz 6 + Fgl,_6 =3, 1510, Mury (- Any fraction of the form %%‘))- , where P (x) and Q (x) are the polynomials in x, is known as a
L P O I ational fraction, such | algebraic exp ns are of two types. .

(a) Proper fractions : In the rational fnctionm , if the numerator i.e. P (x) has the degree smaller
Q (x)

.. Byrul
yuleof clanps m'hnn that of the denominator i.c. Q (x), then P09, is callcd proper fmcuon For example,

Q.(x)
X x+1 x-3
X +2x +3"(x=-2)(x+3)" ¥®+x2-6x

To obtain the partial fractions of the proper fraction %((% , it should be noted that Q (x) is

-.. are proper fractions.

faclonsablc into linear or irreducible quadratic factors. '
A Af () Improper fractions : If the degree of the polynomial P (x) (i.e. numerator) is greater than or equal

to that of the polynomial Q (x) (i.e. denominator), then the rational fraction -%-((% is called improper
!nctlon. For example, "
2+1 - x
x2-1"x2-1""

are improper fractions.

21
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g - in Engg. Sem. - | Bagc ‘*———-'——v-,,,
- W
| DING PARTIAL FRACTIONS lal_Fractions »
NT STEPS REGAR solving a given ration .l () Find A,D.Cby substituting proper values of x in the relation obtained from above step (b).
2.2 lMPORTA pe taken into ncco\’nll before re a fracum (&) Substituting the values of A, B, C, in the above expression for QP_%). , we get the required partial
bl l\“f“m:-'::::mm e d decide whether it is a proper mmiofl or impropcrr itions. x)
1 Qe e 67 c.n;r:l:yx: ' o il he degree OF e TN s ey veressen ILLUSTRATIVE EXAMPLES .........
) divi )

fraction. Thus,
ial and a proper
polynomid

P () ¢ jmproper fraction, W¢
QW)
mial + Proper Fra

pressitasa sumofa
= Polyno

the Q (1). Then ex iien

. PX)
Rational Fractions 5°(x) "
Remainder
= Quotient+ “pjvisor :
Thus, we have

i _x1 i< an improper fraction-
For instance. 737

3"
X ox+
xx-1

X
x2 -1

Hem. 21

o & . ; 2 A -3+1 =0+B(-3-2
L senominator, if possible, is factorized into. simpliest factors. Repeated factorg ' 3+ +B( )
Step - I1 : The deno " e place. Study the following cases carefully. 2 - _sB X
always be combined together atone p e ' 1 T iy .
1 e 1y 2 (x2 — N
w 2O ETHEeD TG D@ -x+ D &x+1) 1(" X+ 1) ¢ Mus, the required partial fractions are :
x
0 < —__1_J = ——’1—’—‘ = — 1)2 +1). :_3. 2
A& OEThE-D TG-DG-DE+D (x=12Ax + 1) x4+ 1 . TSN
L:) 1 _ 1 .(x+3)(x—2) x -2 x +3
© 5-2 TEG-D ) , - _l[ 3,2 ]
We now intend 1o put a givea fraction into the sum or diffcrence_of t:ractions. This process is known; TS5 Llx-2"x+3
: finding the partial fractions of the original fraction. Then each fraction is called the partial fraction 96) Resolve into partial fractiofs ¢ x4+ 5x + 7
‘ original fraction. ) / (x-1D((x+2)x+43)
. 1t olution :
- 2.3 DIFFERENT CASES OF PARTIAL FRACTIONS I N B e
1 LI . : : - - - - A G-+ (x+d  x-1 " x+2 %+
While obtaining partial fractions, four cases arise accordingly as the nature of the denominator inol 2e o 10 <
fraction. ‘uluplymg both sides by (x = 1) (x +2) (x +4), we get, R )
) .c‘“'l’w""‘medm"w"fi&Q(X)bﬂsmm-repealedlinearfac(orsorit can be fnctoriudll; Tx4+5x+7T = AX+2)(x+4)+B(x-1)(x+4)+C (x - 1) (x +2) which is true
distinct lincar factors. : a »ag values of x.
In this case, the partial fractions of the rational fraclion will be of the form : utting x =1,
Py _A B e g ; : 1+5+7 = A(1+2)(1+4)+0+0
Q) ~ 1 factor ¥ 2% factor * 39 facror * - 13 =A@
! =
(NowP;Im ’_-"". °°n5“”."-‘ A, B, C, we have the following steps :
| @) x'llu;?ly both sides by L.C.M. of denominators on RHS. 13 = 15A
& () This gives on equating numerators of both sides

1

AS (P'_'f’Ptr g

X — can be resolved into partig) fracﬁm

x + 1
(1) Resolve into partial fractions : TR
Solution :
1 x + 1 A B

\ ————— e = T
Lel(x+3)(x_2) x‘2+_x+3

Multiplying both sides by (x + 3) (x = 2) i.e. L.C.M. of denominators on R.H.S., we get
x+1 = A(x+3)+ B (x - 2) which is true for all values of x.
Putting x = 2 in above relation, we get
3 2+1 = A@2+3)+0

3 =5A

3
5

Putting x = -3,

an identity which is true for all values of x.




S e




putting t = =3
-3+1

-2

Thus, the required partial fractions are *

k]l
W) (x2+ 3

\/(Rcsolvc into partial fractions :

Solution : This fraction is an improper
denominator. To convert it into proper fraction,
©+ X 5x

=2

=x +
Thus, -4 -4

Now, let

= =) S —f‘_j
=x2+2 X+
x4+ X
xt- 4

as the degree of the numerator jg
divide the numerator by the denomiy,

()

(Proper fraction)

Multiplying both sides by (x = 2) (x +2), we get

2,
5() =A@2+2)40

Putting x

10 =4A
j Putting x = -2,
5(-2) = 0+B(=2-2)
~ -10 = -4B
- 10 = 4B

Then, from (] ) above,

£+ g 3
x1- g SXtT— 4 -2
x-2%3 3=
) Resolve into partial fractions; X2+ 1
Solution ; -1

This fraction js 4
ator. To convert ji ingg Pproper

denomin,

fraction, divide x2

b

N improper a5 the de

’ . 5x = A(x+2)+B (x-2) which is true for all values of x. ‘

the required partia] fractions are ;

+lbe2

»

Breate,

(B

ator b i't\
iy

gree of the numerator is equal to i

= 1 by actual division.

/

_Bntity in x. Substituting proper valu€s of x, we fine Ay, Az, ..

&\l

lal Fractions

X2+ 1
x2- 1

Thus, =1 4+ xz_-I )

T

(Proper fraction)

Now, let

Multiplying both sides by (x = 1) (x + 1), we get
2 = A(x+1)+B (x - 1) which is true for all values of x.
Putting x

=1,
2 = A(1+1+0
2 =2A
Putting x = -1,
2 =0+B(-1-1)
2 =-2B B =-1
Then, from (1) above, the required partial fractions are :
4+l 1 -1 §
o S g S |
il 1
2 _'1+x—1—x+1 .
Ca\s:)(ﬂn {he denominator i.e. Q (x) has repeated linear factors say (ax +b)". 5
| In this case, the partial fractions are of the form : \
A B
P(x)'= L4 Ay Zob Ar -
(ax + b) ax + b (ax +b) (ax + b)

To find A, A, ... A, multiply both sides by L.CM. of denominators on RH.S. This gives an
.. The following examples illustrate the

thod. . .
ILLUSTRATIVE EXAMPLES .........

' ial feactions : 2x+ 1
~(\1)/Rcsolve into partial fractions : 55~ 4y TS
Solution : In this fraction, partial fractions are of the form

2x + 1 A B 1
X

x4+l

X (x+1) x2
Multiplying both sides by x* (x + 1) ie. L.C.M,, of denominators on RHS., .
%+l = A-x(x+1)+B x+1)+C -2 wh'\chislruefora“va\ueso[x

+

we get




B s

— e
//P/"m"g S ©+1)+0
7 ; 0+1 =0+B -m
1 =B
Putting x = -1, ' iy
5 2(-+1 = 0+0+C(D :
241 =CO) -
-1 =c | Thus, the required partial fractions are :
\ . _ =1C=-1, s 5 =5
' Putting x = “;m“ =AM A+D+@) A+ 1)+ (=1 Q)2 g 3x42 i 3 o
. = GFDOE-T) “xog+ 2 2
3 = A@+2-1 F (x+l)(x‘z 1y “x sl X+ 1 s(x+l)1 ]
3 =24+1 . ; 3 =4(x—1)“4(x+1)*m
= 2A =2 N i(s) Resolve into partial fractions : (xx_’;) :x; _1 r
Thus, the required partial fractions are £ . 2+x4l _ 24541 Hrdaxian
2x + 1 L 11 Sﬂ’“"“"’m’e(x-z)(x’—4)‘(x—2)(x—2)(x+2)=(x+z)(x-z>z
xz(X'*l)' x X ;+2 .1[“ X+ x + 1 __A 5 B i C
X + (x+2)(x-2) “535+—2=4+_C _
. i (x +2) (x - 2) X+2 x-3 (x-2)2
ve into partial fractions : el (Z- 1)
\‘2/‘“""“"“”’ . FriiE -1) ] . | Moltiplying both sides by (x +2) (x - 2, we gey
Solution : Note tht the given fraction has repeated linear factors in the de""m‘"@wfass}now,,g KX+l = AG-22+B (x4 2 =2 +C(x+2) which is true for a1
3x+2 _3"\‘*2__;3"\*2 es of x. —
G+D(x2-1) “(x+1) (x+ DEx-1 *=Dx+ 1z : ji’ntxingx =2,
3x+2 __A B . _cC ! @ +2+1.20404C@+2)
o e D eI R TR - 4 44241 = ca ¥
Multiplying both sides by (x=1) (x + 1)2, we get, i X Y
8 S TS TAGEDABG- D+ 4Cx- ) which js g 1 =4c & 4 :
& Va’ucsofx' ol ing x - -2, A
- Putting x = |, . o N (D2 +(D+1 = A(2-22 %040
3(+2 =A(+12 4049 P 4-2+41 = Ay N
J A 3+2 =4/.§ . ; 3 = 16A
o ' -
E g 3 1
s : =0 A== C=7, \
- Putting x - -, ) 3 ?’utung x =0, 16 4 :
3 , R . i "0a0+1 =i(o-z)1+a(0+2)(0—2)‘+% ©+2)
¥ ) Ch+2 = 0+0+C(—1~]) ) : 16 ; .
- 342 2oy : E | = 13—6 @+BQD+I @ e
=L e . i 3.l
. S ; oo \?"._' 1 =E—4B+2
Pulling X=0 A=3 1 ! 3,1
PA=S o1 : =224 Lo
¢ C=5 B s el
342 -5 3+14-4 13
o 0+1)2 = =
' . 4( 1) +B(0_.1)(0+1)+21 (0_1) o 4B 4 4
0+2 "é(l i
. 4 D+B g 21 474 a
/ . ; 4 ( (1) 3 :‘




2+ x + 1

_x+exXxF = —2 (x - 2)?
x-2)(x*-4) ’;* Jx 13, 28
=plir2tx-2 (x—2>2] .
g irreducible quadratic f; 1 3 X+ D2 -x+ 1)
0““'{”“”"“'“’“"“"'”‘““’”’”""" e fto el Tatons, soud B e T S
3 . (x) can be resolved into real factors, some of w B | e ‘ P R
When the dcnoﬂ:plﬂgzz;; (?xz + bx + ¢, which cannot be further resolyeq mlulch ah ultiplying both sides by (x +1) (x2 - x + 1), we get
&uadzzl;fezgzl:gn;i{) each ireducible quadratic factor ax? +bx + ¢, there occurs Pa "°:l “r“i : K1 = A —x+ 1)+ (Bx +0Q) (x+ 1) which is true f
en {; § = - e
Ax + B . where A and B are consl:ml.s The following examples '”"'“"ﬂleu, f“q“ Putting x = -1, or all values of x,
o e e"""‘“i CZ+1 = AL =D+ 1) 5 (B 1) 4C) (141
..... ILLUSTRATIVE EXAMPLES ... I+l = Ad+141+0
’ - 2 =3A
o awe23x %
(1) Resolve into partial fractions: (74 3) (x2 + 1) Putting x = 0, A = 2
; . . g ' 3
Solution : Here in denominator, (x? + 1) is an ireducible quadratic factor. i )
[ 2+23x  __A_ Bx+C g 0+1 =50-0+1)+©0+C)(0+1)
Lt o550+ “x+3 0 2+l 1 2
4 =<4
Mulllplymg both sides by (x + 3) (x? + 1), we get, o } 3
2423 = A2+ 1)+ (Bx+C) (x +3) which s true for all vy c =1-2_.3-2_1
. _ ues of 3 3 =3
Pullmg x = -3,
(3P+23(-3) = A((-32+1)+0 Mputing x = 1, A = % c= 13
. g 9-69 = A9+1) - o . e
§ 60 = 10 - 2 +1 =(§) ((1>~—(1)+1)+{B(x)+ 3} 1+1) k’“
ing x = = . 2 3
{ Putting x = 0,A = -6, g 1+1 =§(1-1+1)+(B+1§)(7_) d B
53 | 0+0 = (-6)(0+1)+(0+C)(0+3) _ ) 5 ) R
0 =-6+3C ey’ 2 =3+28B+3
- 3
: e=¢ C=2 B =p-2_2_6-2-2 2
Pumngx: =-6C-2 3 3= 3 =
2
y (1)+23(1) SEOUI+D+B+2)(1+3) 4 2B =%
3 1423 = (-6)2)+(B+2)(4) !
£ 24 = -1244B+3 5 Thus. the required partial fractions are :
24+12-8 =48 . 2 1 . L
4B =2 ; ' R+l 3 3“3‘_1_[2 bl
= " 3 = 2 = 7
Thus, the required partia] , X+l Tx+1 -x+17 3 lx+1 2-x+1
partial fractions are ; v 4 X+ 2
X2+ 23x . 3 Resolve into partial fractions: ———— ————~
Grh(s - =S 7x+2 x-DEE+x+1)
(x+3)(x2+”—x\ ix+2 F
) Resol 3 x4 ~ iSolution : In this case, the factor x? + x + 1 is an irreducible quadratic expression.
cso. wemtopamalfracuons. X+ X+ 1 B X + 2 A Bx+C
X+ i . 2 = x - 2
So.lulmn * Here note that Q (x) is factor: ] - x=-DE2+x+1) " x-1 " ¥+x+1
quadratic factor. actorisable jntg 4 combination of 3 [; : Muluplymg both sides by (x = 1) (x? + x + 1), we get
E of a linear factor and an'! x+2 = A2 +x+1)+Bx+C)(x - 1) which is true for all values of x.
g 5 a ’ ‘
‘ 1
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A ME!

E.Y. Dip. in Engg,

AR+ 1N BOHCIA=D

i =1
putting X '
Putting 142 A
n+
3 =A(+1+
_ LA =1
3 =3 From (1) when B = -2, we get
putting x = 0.A = 1. +(0+C}(O-1) g e = - e
0+2 = () {0'*0*” ( Thus, the required partial fractions are ;
2=]-C x’—2x+3=1 “2x =2 _ 3  2x 42
. C- 1V : When Q (x) has repeated irreducible quadratic factors

The method is illustrated in the following example :

i =-1,A = 1,C =
e S1+2 = (1)(( c1p + D+ 1+ (BED+ED) (12 gy
| = (1=l B-1)C2 e ... ILLUSTRATIVE EXAMPLE ....
| = 1+2B+2 x4
- 2 (1) Resolve into partial fractions : ﬁ
= i i : Solution :
S ired partial fractions arc :
Thus, lhcrclm;r:l’z 1 -Dx+(=1) _ 1 _ X+ 1 Let x¢;.x+15 :Ax+a Cx + D
/X_mx:,,x”) o1t Rex+l Tx-1 m =2+ 1) 2+1 ey
xt-2x +3 . LS Multiplying both sides by (x2 + 1)2, we get,
(4) Resolve into partial fractions : /(x’ + ) ‘ - P ntd = OB Ol Siaa Ve g
’ . Solution : Het'c—_—zl""—:’;=53—-‘%‘4’—3 } 0 +x2+x+5 = A +Bx? + (A+C) x + (B+D)
: x4 x 3 Ax (XB+ I)C . Now, equating coefficients of respective terms on both sides, we get .
- -2 X +
» Let xx(xzi;) =xt s N A=°--A+C=I.B+D=5
| Puting A = 0,inA+C =1

Muluplymg both s:dcs by x (x? + 1), we get :
-2x+3 = A(x2+1)+(Bx+C)x which is true for all values of . p ing B = 1i ;HKS =‘S1
utting B = 1in B+D =

C=1
! Pullmg x= 0 :
% : . 1+D =5 -m

-0+3 = A(O+1)+(0+L5(0) |
e s 3 =A ’ -A =3 ‘| Thus, the required partial fractions are :
Putting x = 1,A = 3 \ 4 ! X+x+5 _ 1 X+ 4
G ! " - ¥ @+1)2 2+ 1Y @+ 12 :
P-2()+3 = 3A+D)+B+0) (1) 5 o 1
J ~ 1-243 = ()@ +B+C : : oossoses EXERCISES ...con... i3
=6+B i .
- ) B+C = -4 - ; Y Resolve the following into partial fractions :
Putti A e () ‘ g | 1 x+4 x+1
5 ' ullmg(x”' JZ(A_S = "j o @ (x+2)(x+3) (b)x(x+1) \% 2) (x +3)
5 “D+3 =3(141) +(-B+C) (- - x + 18 x L\ a+S
14243 =32 +B- ((: 25 - 1 O Emhacn e noy (®) & DernE-»
6 =6+B-C s x4+ 4 (h)___ﬂ-_____ ® '—‘U“LT
B-C =g e (x+1)(x+2) (x—2)(2x+1)(3x+4) A+ (x+4)
= s 1 3
Addmg (1) and (2) to solve for B, . (2), - 0) .XT__‘ won © —xz T 3_x . 2' (5°08)
B+C=-4" 5x-1 -3
{ B-C=0 Z-51-6 ® @-nex+d
2B =4 K+l (o0g
- @x(’—l) (5°08) ,_




2.14

2

X
O @ ETINGI+2)

Note : Put x¥ = Lto resolve into par\lia)lfr/c'on&
_ 3x+4 TS B
GO o Pearne+)?

. o Cgsag 7k W0 e el 1 T 21
%—2)(x+1’)z © D (x-1)? © RN L L T S
I A 1 1" Gy W b
© o 1o(® )51 © e 2 4 «nﬁ‘_z,*;(] T | |
i X + x-1" (x=-112 tH o3y
x-5 () ___"_ZL"—Zi—:‘—— rr_ x(x o ‘Tus—\‘-\ x; )
et A HIE D 3o - )\14-*2] ) ‘) 4(!4\)*’2(!&41)1
X x2+ 1 3 ot (b)s[x\_%
O 5 WarThEi D © g - sl L
-1 (x+2) (x+1)(x2 +4) 20- D7 2w D) ; o
X X! s © L2, 2x+s * el
ONC s " (@)FT voss @ x ol A Fere
2x2+4x -5 X +3x2 + 4 i ® iy ¢ - - 1 ey
3® werr (Y w1 i TG T IGAD T S@aenh ® sphy + L
© @ X'*%[ L ] D IR
ANSWERS L (b)Hl[hl—_A
) i CETE Y P S £ N P
x=1 x4+ x4+1
1 1 —_—
i @ ~ ‘_‘_ 3 A 2 4x -9
x+2 x+3 ® % X+ 1 R R e e
) 3 i 2+l @1y
05 [Z5+ @ 23 ; see RO |
’ = = = ‘ BLEMS OF BOARD PAPERS ee®
J 5 1[ . " E J N .
N 7 i (1) Resolve into partial fracti o
AT 4] N R 5\()(3” -5 i R e
g 2 3 a l , ) 5(2x-3) Ans.Problem~2(b)ofExerciscsonPageZ.B.
; j: x i itres ) 2_5 - 17 . 3\6 i (2) Resolve into partial fractions : *
rd (i) 21 = ) 1 2x+1 7 3x 4] Ans. L . X2 +1) (x+2) (x+3) (W07, Marks 4]
" " ns. Let e R T e T —A —_—
5D : (x+1)(x+2)<:n\3)=x+1*xﬁz+ :
; (2)(")#_1 . i . x2 x+3
-] o[- tEe
= I & = Sl
(c)\-L 1 ; i - -1)? DA 1
% X1 T x4g (‘9%['2‘+\1 . (——-HZ)(_H”_“)(Z):E
© 1[-2 6 o 2 1 2 X*l] )E‘ o X
g #
Tlx-6*t7,7 1 1 e s L
1 X+ ] o W 3 .5\1 2 % = (=2 4
. S o 4 = = = = -
® <t =, 1 ) T2 (x+ ) 5@x+3) P R R A 4
X~ Txegi] (h);1+ 1 /3 £= 5
@ w ZA~ 2 X x4+t P ] x+Dx+2) .4
X427 T b —1 2 e =3 e PRI, H.,
, © —=__ 2 -1t T3 v g ; i ey e
T S p +2) | Therefore, the required partical fractions are : :
) T Iy g .
) 2w /-.’ ' p ¢ 3
; v X* e A —
[If (x+1)(x+2)(X+3)_X+1+X+2+X+}'
[ L oA
; |



partical fractions : "’_’1 :

12 /’_"xf}_

o Reabveinto

Note the fac,
torizay
tion
in

[W'n"
i "X
rtial Fractions

Ans. Here ﬁ Gt 22 o Bx + C
-2 _ —%—]— tEox+ 1 \ Find A, B, C similar to solved Probl
e GED@RD L xa el Brse v p=l, 1 3 sbore and completeyouret
= x+DEE-x+ 1) | PRI s e
N
- © Resolve into partial fractions : x,’i i
This gives ) 1)+ Bx+C) (x+1) which; ob . o (5708, Marks 4]
3 = A(E-x* ich jg Ans. Observe the fraction carefully. It is i fracti 3 2
X 1 V true ¢ | A mproper fraction. First make it proper by actual division.
Xl ==
i When x
2y = (=D +1 ;
i -2 =A(ED-EDFT - o)
3 = AQ+1+D & L
3 =3A 'x
o x4 - o
. A ) x’+1'x+x1:1
When x =0 ! Proper
0-2 =A@0-0+D+0+0O©0+1) - _x _x A Bx + C
; =—2 = A X+
2 = (DM+C 3 Rl e D e D T X e R0
2 = -14C Find A, B, C as shown in above Problem (3) and complete yourself.
4 x4l
. c =1 ‘, The answer is x+3 [x+l—x7—x+\‘
Whe x =1 4 f : . Xx+4
en (7) Resolve into partial fractions : Xx+D) " (509, Marks 2]
) -2 = (-DA-1+D+B-DA+1) B s
§ 1 =-142B-2 ‘”1 Ans. Problcm.-l (b) of Exercises on Page 2.13. Practice yourself. The answer is 4; - ﬁ .
zs - 12 - ® lve into partial l'rnclmns- XJ . : (S°09, Marks 4}
e = . T Ans. Solved Problem (6) on Page 2.6. Practice yourself.
Therefore, the required partical fractions are : 2x +1
1(9) Resolve into partial : 3
Xj- 21 ] _11 2 L 4 (9) Resolve into partia fr:}clxons GoheEs )" (S'09, Marks 4)
X+ X + 2-x+1° d 2x + 1 A Bx + C
Ans.Let —————— = i
© Resale il i . Geh e+ D -1 e+l . Find A, B, C as usual and complete yourself.
x4+ 3x 42" (5708, Mar} yysvwer-is % [ 1™ 32;‘
. ’ ) ) - X - X+ 1l
roblem-2 (c) of Exercises on Page 2.13. First factorize denominator. xX+5
Let 1 _ 1 : 110) Resolve into partial fractions : . (W09, Marks 2}
A B
7 = =48 w-x
FABA2 T+ 4 ) Tx 42t xr
Complete yourself, |Ans. Here X 5 x+5 A‘ u
() Resolve in 1 g ¢-x xkx-D e
esolve , x4 ; is gi ich i
to partial fmcuons -1 / (5708, Mk Lrlus gives x+5 = A(x-1)+B-x which is true forall x € R.
e e . When x=0, 5 = A(-1) A=-5
Here 2 X2+ ] ;
X = = ——— 1 - =
] 2 ("] 1) K- (x+1) 'When x=1, 6 = B B=6
; Let W 2 Ay B ! herefore, the required partial fractions are :
e X+ 4 o3t — L
1) X_1+x+1 e x+5=:_5_+l6 .
L= x x o x- 1 :




e

s

2.16 £ts,
x-Y
lem (6) on Page 2.6. To Convery intg

1§ ¢
esolve Into partiol fractlor

an R -obi
Ans. 1t is exactly similar to solved e pr“l’e;‘ft }
L x2 -9 as follow.
x}+x by X 3
3
2 xI4x g
-t 4
10x %
10x B
X+ x_ =3 s
S A B $
=3 x+3 ; |
Now resolve 7— g = (x - 3) (x +3) K
x § is x+5 [ 1 + —L_ 2
i B and complete yourself. The answer 1s X x-3 X + '3]' |
Find A, - ®occccces
S & - ;
e into partial fractions : 2" "_"1) "
o R iy DETERMINANTS
2x+3 _ 24— 13 _ i
Al e = R - L g {% INTRODUCTION
: s =2 - 2 5 3
. The answer is - + 1 ! i X )
Find A, B, C as usual and complete yourself. The x x2 m . - | The solution of the equation ax +b=0is x = —% » provided a # 0. Let the two equations ax + b = 0
-2 % A _ . .
(13) Resolve into partial fractions : xl’_———x . c’;)"’ d = 0 be satisfied by the Zame value of x. Hence, they are called consistent. Fromax +b=0,
. 2 i S and fromex +d=0,x =~ e Equating the values of X, We get,
‘ X - x - )
T b
Ans.xz_x x(x-1) . —%:—d; or ;:% or ad-bc =0 b
x-2 A _B _A(x-D+B-x L : i v 2
Let m =1 +E 1" x(x-1) s > This expression :;d —-l:)c is called eliminant for the equations ax +b=0and cx + d = 0. \
. .| This elimi ad — bc is written i i : 3
This gives x—2 = A (x— 1)+ B - x which is true for all x 3 54 \ 'Sa ¥ 1s written in a simple form as : i
When x=0, -2 = A(-1) .. A=2 S8 c d|
When x=2, 0 = A+B(2) ~ 2B=-A=-2 . B=-] . ‘- This is called determ.inam of order two and ad - be is called its value. Thus, determinant is an
oo 9 1 5 . il oA "~i 3 of bers in equal ber of rows (horizontal lines) and columns (vertical lines) enclosed
x(x-1) " x " x-1 ' . 4 een two bars \w{ilh some definite meaning i.e. value.
These are required partial fractions. ) g A determinant is denoted by Aor D or |A |
=3 i
(14) Resolve into partial fractions : % X % el ‘[S'I‘o-‘ DEFINITION OF 2 x 2 ORDER DETERMINANT
= x+3)(x? + P
Ans. Solved Problem (1) of Mustraiive E ) X 1% “" - An arrangement of four numbers a,, by, a;, by in two horizontal lines and two vertical lines enclosed
ve Examples on Page 2.10. Practice yourself. - tween two vertical bars is called a determinant of order 2 X 2 (two by two) or simply 2.

The =6 Ix+2
_ answensx+3+xz+1.

Secondary dingonal
: AN LA
Tt Ry
1 Thus, AorD = |>< | } Rows
H——b R A
L
G G
[

_Columns

(15) Resolve into partial fractions ; —X = 5
s X+ x2 - gxt
ns. Solved Problem @) of. Tllustrative E. »
2 xamples on P; i
e 6i i age 2.4. Practice yourself.,

Th -
X - 10 (x -~ 2) m
Principal diagonal

31
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g
s called 2 column. a;, by, a, b, °~¥l¢

3.2 vertical line !

d
. darow an
. line 15 calle
Horizonta! W ®1)
. e first
determinant: anb constitate ¢ nd ,—ow (R2)

Elements bl constitute e $€CO’ o (Cl)
Blements 0 % inute he first ¢ oumn (C2)
Elements "’l';’: constiwte e sc'co‘ " ngons]
Elements bl'b’ constitute the princiP iagonal
Elements : ' nzz constitute the secom
Elements Pt

4

Let

322 2 x 2 Determinant Equation

3 erminams

terminant of order 2 X 2 (two by two) can

f‘ .. RN

the de
Then its value iS defined 25 Orﬂl;c(pen] diagonal minus the product of the ekmenk |n
the product of the elements in the p!
e 3 b, _a xbyp -2 X by
| 4
Thus, A =/az><b2/ b
For instance,
2507 =@ @-MES)
0] A=/7><3 =6—(—35)=6+35=4l
sin@ cos @] =(sin 9) (sin 8) — (=cos 0) (cos 0)
%) = /—cos ] sinGI osin?0+cos20 =1

_|sec@ tan©

(b) Let & = ltan 0 sec®
1’ i Expandmg the determinant, we get
o A = (sec ©) (sec 0) —(tan 0) (tan 6)
= sec? 8 — tan? 8

=1 so o 1+1an?© = sec?® . sccie—\anie=;
3 2o _
| (2) Solve: (@ L‘ ’;‘ =0 - \_XS xl\ _ \'; -33\
Solution :
1 8 3 x
(a) Given |, 3\ =0
Expandmg the determinant, we get
AHA-WE =0
9-x2 =0
Xt =9
=3,-3.

Expandmg the determinants on both sides, we get
@M -EDED) = MED-G)ED
-5x = =21+15
2-5x+6 =0 (quadratic in X)
| Factorising, we get
R . x-2)(x-3) =0 €
X x =2o0rx=3 . ¥

veeeeeees EXERCISES .........

r' J : Any 2'x 2 order determinant of the form ’ , = 0, where x is unknown is called de (1) Evaluate the following determinants :
s — " 2
equation. Note that the determinant contains atleast one unknown and is equated to zero, The vaIuE‘ @ —35 74 ®) ); + t xxl + ); : 11\ © \ b —a‘— x\

unknown (x) is obmmcd by expanding the determinant and then equating to zero.

<o ILUSTRATIVE EXAMPLES .........

. 2 -3
()] Evaluate.(a) 10 _12’ ® ’:::% l::;g,

Solution : i
visfiy
Expanding the determinant, we get
A. = ) (-12)-(-3) (10
=-24+30
=6

a X
| HEETHEER

“ 1 cos 6 cosec®  cot® 1 —tan ©
ﬂ*. @ Los 0 1 \ © \ cot© cosec 6\ ® \\an ] 1 \
(2) Solve the folldwing determinant equations': .

o ek - el
o A o

voeeeers ANSWERS ...ccuce

Y]

© R+ax+b @ si2® @1} ® =0

% (1) @ 23 ® -2
A @ x=15 © x=% ® x=4

(2) @ x=-2,2 () x=0,-4 © x=t4
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N0F3x3DE'E“"m“

umbers 81, bis €10 32, by, ¢y, a

n two vertical bars is called determinant

An arrangement of nine elements or 1

three vertical lines enclosed betwee!
simply 3. Thus,

In the above determinant,
Elements a;, by, ¢; constitute the first row Ry)

Elements 3, by, c, constitute the second row (Rz)
Elements a;, by, c; constitute the third row (Ry)
Elements a,,;,8; constitute the first column (C;)
Elements by, by, by constitute the second column (C;)
Elements ¢, c,,c; constitute the third column (C3)
El a, by, ¢3 itute the principal diagonal
25, by, ¢ itute the dary di 1

3.3.1 Determinant of Signs

ElL

The following pattern of signs is associated ‘with elements of 3 x3
amrangement.
+/
+

3

3.3.2 Minor and Co-factor of an Element in 3 x 3 Determinant
In the determinant |4 |, let the i -

[

3 Dy ep b
ofordgr3:::h(m§‘w
iy

b minor of the first row, first column element i e, minor of elementa, is M,, =
3, is
1

vOr»der dﬂermim,,,-

Co-factor Ay; of the element a;;
HAy = CIYeMy

instance,

Ay = (1)1 My = (=1 My, = -M,,
her words,
fent.

is the signed minor of £

eyl

a by ¢

j l
it ofge 2l

determined by the rule,

mmor‘of any clement with sign from the determinant of signs is called a f:
co-factor of

following table explains how the minor and the c
o-factor of an element of
3 %3 determinant is

Co-factor of an element

- Value of 3 x 3 Order Determinant

having (n ~1) rows ang et th row and jfh column be deleted and a new deteriminan € ¥21ue Of a determinant can be written down in terms of any one row or column as below.
M;. - This new determinant is called the minor of element ajj and is dof. - a b, c ‘
jj TS TE
1 A =|n b o
Thus, if A = 1 a3 by o

Fhes
b g
b g

3
,
/

- psidering first row, its value is
/ = a; X Minor of a; - by X Minor of by +¢; X Minor of ¢;

b % 3 “1\ y bz\
b3><°; ﬂ1><°1 . asxbs

i
is is called the expansion of a determinant first row wise.

_bl

=a




0y c)*C (a; by —a3 by)
2 : e s .
(a dert"“’"a"( 02x2 detcrmmam‘

-b
bs 1) ,
3 1. The pattern of signs must pg

a =a® C’m' tion ©
ki n as the the
o '::i:dllﬂn‘:; row of column o muﬂﬁon
perform mant
Det i when
334 3x 3 Order o (variable) when equateq (o bre
. ith a
determinant !
Any3x3

equation-

geterminar

€ 53 -‘
My |
bege X

(Jeast one U™

beg

x is unknown is called a delemu'nam o
Uy

= 0, wher®

Oy,

a3 2
1

" 3 T

For instance. /‘ 5 2 ing the determinant and equating it o zerg

d uminxnfol' not:

) Sumwww!h‘f"n"“mgm 2 3 0%

p s i o3 B !

3-2 L[~ ® I7 0 -2 57 6
@ /0 45 8 3 1 ‘.
7 8 1 L |
% i |
e L I 8
Solution o gement, i.c. it has equal number of rows L

(a) Determinant is a sqf:
amangement is 2 determinant since
: inant sin

i i

(v Itis not a determinan :

i ows is not equal to

(c) Itisalsonota determinant as the-number of r t eq the -

there are 3 rows and 3 columns, i.e. the number of b (%
S ang

ce the number of rows and columns are not equal'ip this vl

{ ol

ana,,’J E:

(@

Solution :

(a) Given

@ Find'x’
x

ir

x 4 -4
3 -2 1 =
-2 -4 4

_ Expanding the determinant on L.H.S. first row wise, we get
—4 (1242} +(-4) (-12 - 4)

x (-8 +4)

3

() Given |5
1

arrangement. 1%

(2) Find the value of the determinant by the expansion :

@) Solve :

Expanding the determinants on both sides, we get

4
X

2-1 3 | 2 3 x
/1 3 -4 teo |1 0 3
5 -5 4 2 il -2 -1 0
Solution : . . { " Solution :
TP Ll 2 3
Let A =/I 3 _4/ Yo ,’.““ ‘(2) Given _12 _01
s -5 4 o |
1]
Expanding the determinant first row wise, we get X ' 'q
4 = 2(Minor of 2 (-1) (Minor of ~1) + (3) (Minor of 3) ok
]34 1 -4 |1 ik
2/—5, 4I-(—1)I5 4I+3l5 _53[ SE-
B =2!12~(20)}+J{4-(.20)“3{_5_15} ’ |
= 2(-8) +(24) +3 (20 g
=-16+24-¢6
= -5 1 x

3
x
2

X
3
0

0

=0

—4x-56+64 =0

=0

|

-1
2

-4x+8 =0
—-4x = -8
x =2

| Expanding the determinant on L.H.S. first row wise, we get
' 3{2x-3x} -4 {10-x}+3(15-x} =0
—3x—-40+4x+45-3x =0

-2x+5 =

8
1

\

-2x

X =

0

SIL

2{0+3}-3{0+6}+x(-1-0) =-1-16

6-18-x =-17
-12-x =-17 X
=X =-17+12
-Xx =-5
X = 5 is the required solution.
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we get

i sides,
ding the determinants on both 2

Expan '9_4,_“(1 ‘3—2}

1({18-12)-%

6-sx+x? = -
- $x+6 = 0 (quadnaticin x)
ie.
Factorising, we get -
x-2(x-3) = 0
x =2 x=3

x =2 3 is the required solution,

EXERCISES .........
(1) Evaluate the following determinan ,_,,l,,';mepo ‘o!expandom 2
- 106 2 - , 5.2
1 3 4 © 13 2
(a)/}fg/ (b)ls-s‘t 6 4 3
3 -5 1 2 19 IGI a h
_ y [14 11 8 ® |h oy
ofiF4 efiu P
(2) Solveorfind ‘x’if:
2 3 1 11 1
(a)/6 x 2/=0 ® (3 x 31=0
4 x =2 I x 2
0 -7 2 3 X 1
© /ﬂ x zo/ =0 @ | 10 =25 6! =0
4 8 1 2x+3 x-1 1 .
1 x x? 2 1 x x+1x+ 2
© |1 1 ]/:Iz ][ o (2 3 -1 =0
1 2 4 3 =2 4
a+10 2a+2 a+3 1 -2 4 =
(x)/au a+5 a+6/=0 ®m x x =’3 6
2047 a48 0 4 6 9of 124 p
I 2x 4x2 x+3 2x+1 '3 i
_ X +2
G)/} ; 116/—0 0 /3x—5 2x=-3  x-4] =9
. 2x 8x -7 14x-]
M) @ 124 ® 24 '
© 165 o
(O abe+ 2fgh-aft - pg _ g2 @ -52 © 0
(2) (a) x=]10 (b) x=3 (C) x=-g 1
0 xo 3 8 @ x=-4, ~6 © x=1,2
X=-l1 @as=-y __, 3
M x=-2 2 0] x_l 2 . 1
i & 2 = 2 0) X= 5, 1.

! Determinants
_Determinan

_—\
ey, iew LoEs

3.4 FUNDAMENTAL PROPERTIES OF DmﬂNﬁms
(1) The value ofa determinant is ot altered why

3.9

it rows. en all the rows are changed into columns or columns
a b, cy
e if A = |2 b "1\
a3 by o
\al a; aj
=|bi b bg\
a4 o o ++» FOWs are changed into columns.
(2) Ifany two rows (or columns) of a dete
changed in sign only. eterminant are Intrechanged, the value of a determinant is
a by ¢y
ie if A = (% b cz\
a3 by o
% by ¢
=-la b ¢ .
a3 by c;\ -« Ry and R, are interchanged
For instance,
2 3 -5 1 0 2
A =11 0 2| =-1|2 — p
4.6 3 \4 % 5_)[\ --- Interchanging R, and R,
3) Ifany two ro\:s. (m; columns) of a determinant are identical, the value of a determinant is zero.
: 1 1 ¢
ie. if A = [a b C\\ inwhichR, = R,
a3 3G
A =0 -
For instance,
5 7 5
if A =1-3 10 -3| inwhichC, = G,
2713 . 2
=0

(4) Ifall the elements of any one row (or column) be multiplied (or divided) by any constant number,
the whole determinant is multiplied (or divided) by that number.

4 by ¢
i.e. if A =[|n b c;\
a3 by o
Ko by ¢ .
and A' = |Kny b ¢ inwhichevery elementof Cy of A is multiplied by K. °
Kﬂ; b 3 G
~ By property,
A" = KA or A=lK-A




ve any common factor,

£ any row or colum? ha

It follows that if elements © hk\
the determinant.
é <\ For instance,
SR » g ,g _IZI in which —4 is a common factor from R,
S @ ir & =[-8 12 1]
! 2 3 :z
l =-4]2 3
: £ !0 2 1
0 a-b a?-"b?
® if A = ,x y z
P q r 3
/0 g v I o Note thata? = b = (a+b) 4y
= |x
3 P q r
= (a-b) I;? ly a bI ..+ (a=b) is common factor from g
P 9 r . '
It is observed that this constant factor can be introduced in any row or column as "““‘md»n,,,.
R . by C
' A =K[n b o
ay by o
A Ka, Kb, Ke; ‘ N
’ = ' a b, € ... in which K is introduced in R, 3
L] by o
i 3, Kb, ¢
; =3 Kb o ... in which K is introduced in C,. .
N ]Sbl b a

(5) Ifeach element of any row (or column) be expressed as a sum (or difference) of two or mory
then the determinant can be expressed as the sum (or difference) of two or more determinants,

Thus,
a+x b ¢ {
if A =|;+y b o inwhichelementsof R, are sum of two terms.
a+z by o

a b ¢ x by ¢
Then; A = |2 b o|+]|y b o
a3 by ¢
The converse is also true,
(6) Ifeach element of any row (or column) be multip
to or subtracted from the corres
dctunﬁnantmnainsundmn,md.
Thus, ¢
3 b ¢
if A =l b o
a3 by g

ponding elements of any other row (or column), then the value f

a4 +Ka, b, +Kb, ¢y +Kecy
) b, o
& by c

z b g ol

lied by the same number and this pro'dudkﬂ :

Determinants

K - times the elements of R, are added to the cor
changed.
For instance,

responding elements of R,, the value of A is not

2 3
A =12 1 g3
10 11 12

By Ry -Ry,
2.3
A = |2 3 1
10 11 12

=0 ..asR| =R,

(7) Ifall the elements of any one row (or column) are 2eros,
s

For instance. the value of the determinant is zero.

0 0 o
it A = |1 2 -4,
3 -1 5

Then A = 0 since all the elements in the first row are 2er0s.

(8) If any two clements of a row (or column) are zeros,
product of the third element in that row or column and its Co-

.

the value of a determinant is equal to the

factor.
For instance,
3 2 4
it A =0 -1 3|, '
0 5 6
-1 3] .
then A = Sl 5 6‘ since two elements of C, are zeros.

= 3(-6-J5)
=3 (-m)/: -63.
3.5 SOLUTION OF SIMULTANEOUS EQUATIONS.USING
DETERMINANTS (CRAMER’S RULE) o

4
(A) Cramer’s Rule for two equations in two variables : ] ’ (
Let the two equations in two variables be )
ax+by =c¢;
and pX+by =¢
Then, lhcy’ can be expressed in terms of determinants of two by two order as below :
a, by .

, a determinant of coefficients of x and y.

D, a

! a determinant obtained from D on replacing by, by by ¢i.¢a-
2
Dl

[0l

b,
D, = l? bb'\ , a determinant obtained from D on replacing ay, 2, by ci. ¢,
2 D
c,‘
ol

D
Then, x = and y = 5", provided D# 0

)
This is called Cramer’s Rule for solution of simultaneous equations in two unknowns.




equations in three variables

L
(@) Cramer's Rule for three ded to solve the three equations in three unknowpg asy,

Above Cramer's Rule can be exten

loy,
Let the three equations in three variables be !

ax+by+cz = d

amx+byy+cz = d;

ax +byy+c3z = dy. )

Then ihcy can be expressed in terms of determinants of three by three order as pejq,, ;
D = /:z‘ l;; c\'qll a determinant of coefficients ofx,y,z
a; by o g
D, = |)|:JF i btained from D on repl a), 2,3 by dy,dy, d,.
), =
d by ¢
=4 b o
dy by o )
D, = the Determinant obtained from D on replacing by, by, by by dy,d,, d,.
a dy ¢
= l y 4 q
a3 dy ©
D, = theD i btained from D on repl ¢, €, ¢ by dy,dy, d;.
a b, d;
=3 b 4
ay by 4
Then x = %. y= %‘. z= %,prow'dcdD:O
Note : Before applying Cramer's Rule, the terms in the equations are tken on the riht g

of the equations.

sssseere ILLUSTRATIVE EXAMPLES .........

(1) Solve the equations by using Jclcnnlnnn( H
Ix-2y43 =0 and 2x+y=5

Solutlon :

Rewriting the equations in standard form i.e, ax + by = ¢,
-2y =-3
2x+y =5

Then, writing into D, Dy, D, as required in Cramer's Rule, we have :

2] cm-o -
D Iz 1, 1Y B

=7
=3 -2) =(=3) (1)~ (5)(-
. IS 1I=-3+1o”(2)
=7
=13 =3 =35 - - 3
b« r90-0ey
=2]

Determinants

Then, by Cramer's Rule,

solution is : ((1, 3)}
(2) Solve using determinant ;
3
x-2*% y-3
Solution :

=5,

The given equations are not in the linear fo
form by proper substitution. For this purpose,

Let -xl—z =a and -
Then, the equations become,
3a+2b =5

4a-b =3

Now, writing in D, D,, Dy, we have :

i

7—1

=u

=3,

4 1
x-2"y-3=3

so3=b

3=

M ax +by = ¢, They first should be converted in linear

=P 2?2l =®)En-@9e
D _‘4 _1\ zey-@ae
=-11 ~
=15 2 =G)ED-3ye
D-"s —1‘ Spspagr )
=-11
=P 5] =03 -t®
~D°"l4 3‘ =9-20
=-11
Then, by Cramer’s Rule,
=Dl
d=p==!
=D -1
and b=p =1
But a = L 5 1—--:1—2—1 x=3
x-2 " X-2°1 TIEAS
1 1
and b"y-3 v-3 1=y-3=1=y—4 b
solution is : {(3, 4)) i

(3) Solve the following equations using Cramer’s Rule.

X+y+2-6=10,2x+y-2242 =0, x+y-32+6 =0

Solution :

Rewriting the equations in the standard form, we have

X+y+z =
&x+y-22 =
Xx+y=-3z2 =

6
)
-6
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e have ©
Writing them in D, D,, Dys D ¥
11 zll
=2 1 -
P ll 1 -3
>
6 1 l!
=[-2 1
> I-s 1

.4 1 -6 -3
—_—
11 6 =

p, =12 1 2| =
11 -6l =

Then, by Cramer’s Rule,

_&_5—1

x=p=4°
D, 8

= .

y=p=4°?
D, _12 _

z=p=y=?

solution is : {(1, 2, 3)}.
(4) Solve by Cramer’s Rule :

x+y =3, y+z=5 z+x =4
Solution :

Rewriting the equations in standard form introducing zero as coefficient for missing unknown, We ha

X+ y +0z =3 \

\

S1(6-12)-6(=6+2)+1 (-
1 6 1] =1( 10

= 2 -2 =-6+24-

_[2 (:8

1(-3+2-1G6+2)+1 ¢ _
_1+4+1 1)
4 -

=6(-3+2)—1(6—’2)+1(‘2*6)

_6+6+4
4

12 45

1(—6+2)-1(-12+2)+6(2_1)
—4+10+6
12

Ox+ y + z=5
x+0y + z =4
Writing them in D, Dy, D,, D,, we have :
' 110
=1(1-0)-1(0-.1
D=1(0 1 1I=l+l ¢ 4
1" 0 1] =2 !
31 01 =301-0)-1(5-
D,=I5 1 1/ =3-] ) =4
4 0 1] =2
1.3 9 '
=1(5-4)- e
Dy=/0 "5 =14+3 ) 30 )
1 1 3 ‘
=1(4-0)-
D, =/o 15| 20105 430- 1)
11 0 4 =6

Determina[ﬂs.\
B —_—
Then, by Cramer's Rule, - 335

x

U
n

~
"

~
1

ULU [=]i=) ULU
"

RIS NI NN
1
)

solution is : ((1, 2, 3)}.
(5) Using Cramer’s Rule find x ;
x+y+z =1, 2x43y+42-4 = 0, dx+z49y = 16
Solution :
Rewriting the equations in standard form, we have -
x+ y +z =1
2x + 3y + z 4
4x + 9y + z =16
Note : We are asked to find x only. Hence, write only D and D, of Cramer’s Rule.
Writing them in D, D,, we have :

0L 1) =1e-9-1@-9+108-12
D=\2 3 1\ 2642486 )+ 1 )
4 9 1| =2
11
11 =13G-9)-1(4-16)+1(36- 48
Di.=)4 3 l\=76+12~\z L )
16 9 1| =-6
Then, by Cramer’s Rule,
D, _-6
x=p=3 =73

i x = =3 is the required value.
6) ve by Cramer’s Rule :
Xy +yYZ+2X = Xyz, 2Xy +3yz+zx = dxyz, dxy+9%yz+zx = 16xyz
Solution :
Given equations are :
Xy + yz + IX = Xyz
2xy +3yz + = = 4xyz
4xy +9yz + = = l6xyz
Now, dividing the equations throughout by xyz, we get
1

—l-+-+L-l
z o Xy
2,3, 4
z o Xy

4.2,0
2N IR0y




3.16

To convert them in linear form,

=1
B @ r-4 ' Writing them in D, Dy, . D, 3.17
p+ g+ A= g Wnuned " Ppy: Dpy Dp . we have : -
gp+-q+ 4 =16 - T -
Now, writing into D, Dp. Dg» Dre W€ B2 D=2 ‘\ -‘(—lz__l)z_l(z'o)—l(l—m
—l—']’,* S1(@-D-102-18)+1(3_ 0 1 1| -4
D=3 1 2! ot i : 01 i) =m1 @6y
BRERREE =2 Dp, = ia 1 1\=~12—\1 4) - 126 - 14)
—_— ‘
1 1 1 =l(4—2)—1(16—32)+1(4_16 :
pp=/4 1 2 =2+16-12 ) Dp, = |2
16 1 4] =6 °
B &
11 1] =1(16-32)=1(12~18) 4] (44 T
D, =3 4 2 =-16+6+12 = 36) Dp, = |2
9 16 4 =2 0
. Then, by Cramer’s Rule of determinants, we have
1 1 1] =1(16-4)-1(48-36)+1 (3_ Dy g
- D,=)3 4/ =12-12-6 G-9 hh=p=24=6
' 9 1 16| =-6 b, Dr i,
Then, by Cramer’s Rule, DD -4
P.
1 p:%:?:j{ X P3=F3=§=10
y D _2_, (3) The gequired values of Pare:: Py = 6, P, = 4, Py = 10.
g =3 === e 8 are obtained in electri iment. Find I; by Cramer’s Rule :
i % ,I)) 26 4, -31 = 2, 9L —4ly =31, 41,491 = 0 3 by Cramer’s Rule:
& r== ==2__ Solution :
‘ D 2 3 Rewriting the equations in standard form, we get
1_3 _1 " f 4, -3, + 0l =2
3 x =1 * *=3 (Byinvertendo) . 3, -9L + 4 =0
.11 O - 4L + 95 =0
= CyTr =l Writing them in D, and D, we have :
1_23 _-l ¥ R —
z 1 Ioi3 L; 4 -3 0| =4(-81+16)+3(27-0)
ol is - {1 -1 D =|3 -9 4 =-260+81
- nis: 3.1, 7}‘ 0 -4 of =179
A 4 -3 2| =Expanding C; -wise
b g are obtzined as 2 result of experie D =[3 -9 |o]=2(¢12-0
P =0 experiment : 3 0 -4 Vol =24
2P+ Py + Py =26 < Then, by Cramer’s Rule,
P+ Py =14 fig D, 24 2
= d the . TN B
Solution : values of Py, P,, P;, L= =g = 19 - 01MA
Rcwr;ﬁﬂg the equations are veesseees EXERCISES .........
2P‘+ :2 -k =0 (1) Solve using determinants :
1 2+ Py =26 3 4 1.3
= 2-=-=2 —-+*=95
0P + P, 4 P, =14 4 (@ 2x+3y+1=0 ® v <ty
olemeinu-oduc- E Ix-2y-5=0
tion of 0 as coefficient of P, in third equation

1
substitute = p.

Determinants




e (he following equations using g Cramer’s Rule of determinants ;

x+3y+z = 12

x+y+22=0

wn-y+z =1

x+y-z=4 3
x+2y+z =0, SX+6y+7;, o
3y1,4xz—2xy = Xyz, 2yz+5x7_‘2;
x-3y+z =17 X+y+3z = ¢
x=y+z =1, X+ty=22 =

" (2 Soly
@ x+y+z =6
) 2x+y+z =0
© x-y+z=0
@ 3x =y+z
(@) 4x+3y+5z =10, .
() yz+2xz+xy = 2Xy2,
® 3x+y+z =4,
(h) x+y+z =3
(3) Doasdirected :
(@) Solve by Cramer’s Rule to find x if
x+3y =5 y-3z=-2 z+3x =4
(b) Solve by Cramer's Rule of find x if
x+z=4, y+z=2 x+y=0
(c) Find z using Cramer’s Rule if
X+2y+32 =6, 2x+4dy = 7-2z,
(@) Findy using Cramer’s Rule of determinants
x+3z =2y+4, 2x+y = 3z+5, 2z+y = 3+x
@© Findyif x+y =5, y+z =8, z+x = 7 by Cramer’s Rile,
(4) Solve the following by Cramer’s Rule :

\yﬁﬂc voltages in an electric circuit are related by the following equations :
Vi+Vo+V; =9V, - V,+V; =3, Vi+V,-V; = IFlndv
B

3x+9z = 14-2y

\(b/]{e currents I, I, and Iy in three loops gave the following equations :
2,

L+l =0 4l -5 =2 2,+] = 2.Find I, I
= , and
‘/}y/é;u /zz 19 16 . |ah'
uate (14 11 8| using property. ;
n s s P Ry 2Ry w8

seseeeee. ANSWERS ...

M@ x=1y=r 1
®) X=3,

y=1
®) x=—2 y=6, z=-

= - 23
@ x= 3 }’—6.z=?

@2 @ x=1, y=2 2z=3

© x=1, y=2z=1]
©x=10 _ -2 0
A A S I
5 @ x=1, y=-1,z=2 4 ® '¥=3,2=3
_ X=y=z=
@ @ V, =2, V,=3, V=4 @ y=3

® o0 ® 5= 2'12 L, =0

Va, vy,

© y=!

(1) Findx,if l’;
= nyz l|

®08 PROBLEMS OF BOARD PAPERS eee
-
=1s sl
Ans. Expanding the determinants, we get
4x-16 =2-2
4x-16 =0
4x =16
x = 4.

\{ (2) Using Cramer’s rule, find the value of x and y, if

x+y-2=0; 2x+y+32=9; x-y4z =12,
Ans. Rewriting equations one below the other, we have :
X+y—-z =0
2x+y+3z =9
x—y+z. =2
Writing them in D, D, and D,, we have :

—_—
1 1 -1 = (-11- 3)-12-3)-1(-2-1)
3

1
4
8

~1(9-6)-1(-9-2)
-3 411
8

1(9-6)-1@@-9)
3+

22 19 16

1411
22 19 16
A=[11 8

Ans. Let
ol 1m 8 5

R,, we get

g8 8 8
A=|3 33
11 8 5

@ ByR;-R;andR; -

{W’07, Marks 2]

(5708, Marks 2]




and 3 is a C.F. from R;.

from Ry

(,‘i)SisaC‘.F. 1
=8x3[ 1
4 11 8

A = 24X 0 5
=0 nce g
" ss rule
(@) Salvethe equatons by Crmer™ -z =0
x+y+z =% x-y+z =1 X1 s
i .18. Practi
Ans. Problem-2 (W) of Exercises on Page d ractice yourself. The Answe, .
x 4 "’/ " s
e 3 -2 1[=0 .
(5) Solve 30
Ans. Expanding the determinant on L.H.S. we get [% :
x(2+4)-4(3+2-4(12-9) =0 A
2x-20+64 =0 SRl
2x ='-44 ceesccens
. = =22.
o ’ MATRICES
. (6) Solveby Cramer’s rule: 3 E
Vg A ;;!e:;:uyirz =ff’; 1;; =Pr4. i s ¢ ON OF A MATRIX OF ORDER m xn
o © e ao7c .3 - ractice yourself: The answer is X=] ml“‘,! ‘When a system of m X n quantities or numbers (may be real
(7) Solve :I s _‘; =5 :3 X S Fe 7 zﬂes(called rows) and n vertical lines (called col l;lzdmb:::"ml’lﬂ? are arranged in m horizontal
: &mx of order m X n. The m X n numbers are called elements Urm:::c:::? afmmmuw\eda
- Ans. Solved Problem-2 (b) on Page 3.3. Practice yourself. The answer is x = Matrices are generally denoted by capital letters of the alphabet vi a matrix.
§ (8) Using Cramer’s rule, solve : - =2 or x‘l;jﬁ’ . are lly denoted by di asmalllcn:'svilrt'?s. C..LM ..X.Y.Z
43y =5 y-31=-2 z43x = 4, ' The matrix of order m X n is written as :
- Ans. Problem-3 () of i ; X ay  ap a N
) Fi ?) OXExemm on Page 3.18. Practice yourself, The answer is x=] 2y . ap 32 a; ::
ind x, i = = N : z "
; 10 o %y "
7 Az Given I“ x l Suy o m s 5 ~
1 x 4 =0 “ak N E :
k" am 2 :
- "o16-x2 =g . 7 By Am
e 2 =g - Expanding determinant . * in short it is written as :
e Xx=u Bt A =yl where i = rowindex
K =+, 4. ;5 .
(10) Solve by Crap 25 rule: =1 Tias L
Hdy-zey g ad  j o= -
A3 3'y =1L Zx-y42 2 g - j = columnindex
Y tusumla:rosolved?mblcm ©) 9X+3y+2; = 25 s = 1,23, .0
er. The answerjs x = 5 Ofﬂlusualive EXﬂmples on Page 3.13. P, 2 Thus, a matrix of order 3 X 3 is written as
T4 Y= - e .
V=3 2=4 8 ractwcyaunﬁ &0 & %13
{ A =|2 @
a1 ap Ay




!
;aconal elements and th B
the elements 311> 222 and 2y are called 628 ¢ rema'"ing o
Here, the "

non-diagonal elements.

a,, represents the element

2 third column. . in the i row and jth

the element of 2 matrix A n J® columy, +
order 2% 3 given as below :

in the first oW and the second column, a,; r, eDresey

ts the =
R
second row and l\‘
In general, 2; represents
Now, consider matrix of
-1 2 5 ]
A=l3 07

ay =0 3= 7
s are used 10 enclose the elements of a matrix

{}
1

.. soon.
Then a; = -1
Remark ; Often the following notation:

[] (T). HTH.

T .
Pair of Brace Pairs of Pair of
rectangular brackets bar brackets curly b{ackers
brackets.

42 TYPES OF MATRICES - ¥on G

Broadly, matrices are divided into three groups :
(@ Rectangular matrices,

(b) Square matrices,

(©) Null matrices.

Let us discuss each of them in details.

421 Rectangular Matrices (m = n)

Any matrix of order m X n, where m # n,
columns, s called a rectangular matrix.
Examples : /

. i

1 1 2 :
aMm A =[g f]isamangu!armauixoforderﬂxl -

!

ie. the number of rows is not equal to .the e

o

@B = B
Special Cases :
@ A RowMatrix OR Row Vector ;

-1 07, i
4 7] Is a rectangular matrix of order 2 x 3,

called a column matrix or a column vector,

2.2 Square Matrices (m = n)

 square matrix. Its order is written as
yws and 3 columns.

@) Column Matrix OR Column Vector :

When n = 1, the order of a matrix is m x 1. Thus, any matrix having only one column and
many rows

Examples :
1) A = [2] isacolumn matrix of order 1 x 1
17 .
@B = [—-l] is a column matrix of order 2 x 1
1
@) C =| 0| isacolumn matrix of order 3 x |
2 s

Any m X n matrix, where m = n, i.e. the number of rows is equal to the number of columns, is called

1 X0 or simply by n. Thus, a square matrix of order 3 means it has 3

Examples :
(1) A = [3] isasquare matrix of order 1 x 1 or 1.
27 .
@B = [; 4] is a square matrix of order 2.
2 3 5
@ C =|1 -1 1] isasquare matrix of order 3.
4 3 0

Square matrices are further sub-divided as below :
(2) Diagonal matrix

() Scalar matrix

(¢) Unit matrig or Identity matrix

(d Triangular matrix : These are of two types :

<

(1) Upper triangular matrix
(2)- Lower triangular matrix
(¢) Symmetric matrix
() Skew - symmetric matrix
" Each of this square matrix is explained in details as under :
Diagonal Matrix : Consider a square matrix A of order 3 as below.

an 3y a3
A =|a 3
LTRSS )

An imaginary line through the el a4y, 72, By is called principal diagonal or leading diagonal.

When m = 1, the order i
. ’ of a matrix is 1 x . v
is called a row matrix or  ro - n. Thus, any matrix having only one row and many

Examples :

M A =[5 isarowmay_,ix.ofordalxl ;
2B =[3 3] ;Samwmo“’dc

B C =[-1 ¢ rder 1 x 2

1] isarowmauixoforderl x3

] gonal elements may or may not be equal to zero. It is generally denoted by D.
1 Examples ;
1 () D = [3] is a diagonal matrix of order 1 x 1

elements a,;, a, 23y are called leading elements or diagonal elements.
A square matrix in which every non-diagonal element is equal to zero is called a diagonal matrix. The




i 2
3 0] isa diagonal matrix of order 2 X2
[ I 1A

b F .
@ L0 (3] s a diagonal matrix of order 3 X 3.
4
@p = [ o3 la
. trix is 3 SC&
of diagonal M
Q‘“lll case

r matrix.

Sabr Mat? in which all the diagonal elements are equal is caljeq , Sca]
trix
A diagonal ma
by K.
Examples crix of onder 1X1 &

T -alar mai
) K =[] is3se . )
o [3 0] is a scalar matnx oforder 2 X 2
@K =lo 3

g % ?J] is a scalar matrix of order 3 X 3.
Ok =g o s diagonal matrix need not
: n
trix is 3 diagonal matrix but a diag b i ma
or [dentity Matrix:
Unit Matrix in which every diagonal element is equal to one (i.c. Up;
ed a unit matrix of Identity matrix. It is denoted by I.

Note: + A scalar ma

A square matrix
element is zero is call

ml1 =..[J} is 2 unit matrix of order 1 X1

Exomples: zero matrix. It is denoted by 0.
Q1 = B (;] is a unit matrix of order 2 X 2 @mo = [0(]) is;zcm malrixoforde:rlxl o
o 07 @0 = [0 0] is a zero matrix of order 2x2 i 5
%( : I )] 1/ =[g é i;},uumxmamxofordcﬂ’d' Yo @0 = [g °0 %] is a zero matrix of order 2 x3 -
o2 3
o Triangular Matrix : g @ 0 = [0 % %} is a zero matrix of order 3 x 3
In a square matrix, if the elements below or above the leading diagonal are all Zem “ b 0 0 0
AH triangular matrix. They are of two types. o 0
J = (1) Upper Triangutar Matrix: 60 = [g] is a zero matrix of order 3»)( 1.
: In a square matrix, if the elements below the lcadmg diagonal are all zeros, it is called uppery, - ~
- matix I s denoted by °U" 3 ALGEBRA OF MATRICES o
3 Examples :

I 2
U = ﬂ(}) 3 1&7 is a upper triangular matrix of order 3 x 3

(2) Lower Triangular Matrix ;
In a square matrix, if the ele

m
triangular matsx. It s denoted by ‘L'erts above the leading diagonal are all zeros, it is calldh

Examples :

L [3 0 0 ’ '
=[5 6 o0lij i
P 3] Is a lower triangular matrix of order 3 x 3

- fatrices 5
% 4.
h,! Symumetric I\M

‘t A square matrix A = [ay] in which o

ty)
and eve;,,,“)1 2.3 Zero Matrices or Null Matrices

\j = 2ji, for all val j. is sai
Examples : L= ues of i and j, is 52id 10 be symmeuric matrix

a h
A =|h b
g f

Note that the clements h, g, f are reflected
ymmetrical about leading diagonal.
Skew-symmetric Matrix :

A square matrix A = [a;] in which 3= -aj, for a
agonal are zeros, is called a skew- SYYI\melnc matrix.
Examiples :

0 h -
A =|-h 0 flisaskew- . .
[ g -f 0] Symr_nelnc matrix.

Z] is a symmetric matrix,

28 mirror image about diagonal elements a, b, . Thus, it is

1l values of i and j, and all elements in a leading

Observe that all diagonal elements are zeros and diagonally opposite elements are opposite in si
in signs.

In a matrix, if each element equal to zero, it is calléd a null matrix or

.3.1 Scalar Multiplication

If A is any matrix and K is any scalar number, then K - A is called scalar multiplication of a matrix.

Thus, if A = ["l b ] and ‘K’ is any scalar number,

R

We observe that in scalar multiplication every element of matrix A is multiplied by K.

F-2 1 -6
lhen‘3A =313 A=[9

thenK-A =

For instance,

wras[1 ]




matrix has a non-zero factor co

. - § L,
-6] then it can also be written as A = 3 [4 g]
ol

-ces of the same order, 0 is a zero matrix i
two matrices Ol .
If A and B are any tri :

@) = o@A) = @A
nd:hwsanbevniﬁedinmmplcs.
432 Negative of a Matrix

If A is 2 given matrix, then the matrix obtained by multiplying with a Scalark .
and the new matrix will have elements which are negative to the correspondip

Thus, if A = [: Z] then the matrix (-1) A = [
which is the negative of the matrix A.
433 Equality of Matrix ‘
Two matrices A = [3] and B = [b;] are equal (ic. A = B), if

(1) They are of the same order,
ad (2) The elements in the corresponding positions of two ma

G @ Ifa = B, then B =

®) A =4 where A s any matrix (Rcﬂectivity)

=C then A = (o] (Tmnsiu'vily)

© IfA=p g

i,

i4'3'4 Addition of Matrices
|
=<l
8 elemepy o M O
otn!‘

; they are it .
‘same order, they are not confirmable for R o confirmable for addition. 1f the matrices are not of the

defined and is 2 matrix of the same i
"adding the corresponding elements of AandB. < s >

trices are equal j.¢. [] = Mi

[ s [3 Pomnns

_[x 2 -3 2
M) IfA = 3 6],8:[3 6]andA=B,then x

R 5,ll'xena=—3,b=5,c=3,d=1.e=0

‘then

!
1

\

4

. Two matrices A = [2;] and B = [b5] could be added ther. i
therwise their adgi‘itidn is not possibte. .J =S i they are of the = )

€

W’m" S
mX+bry=c; f more compacyy 5 ["’“b'y] =2
in matrix form, e i
For instance,
ax+3y = 7
ax -2y = 2
Then, writing in matrix form we haye
[4x + 3y] = [7]
4x — 2y 2
Similarly, the set of equations
X+ y+ z=¢
3x- y+3z=19
5k + Sy — 4z =3 Pressed in
A csouldben ™ matrix form as -
[3, - y+ 31] = [10
5x + 5y -4z 3

‘When the matrices are of the some order,

For instance,
IfAis2x3,Bi52x3.than+Bis

Thus, .
[: t:; Cf] +[x y z] “|2+x b+y cuy
2x3 Pa ;T ld+p e+q f+rl,

=
Similarly, if A = [i 31] and B = [“‘ _‘,’]. 3 \
N R |

[: 62]*[ 3 —(6)]
_J4+(-3) 6+ 0 ]<[l 6
T L8+3 2+(-6)1 T L =
Properties of Matrix Addition :
A.BundCmelhrecnuuictsohhzsmxeordamdmsnmomnixnmwmodu.lhen
(1) The addition of matrices is commutative :
ie. A+B = B+A
(2) The addition of matrices is associative :
iectA+(B+C) = (A+B)+C




) E\gmrx'd&“*‘ﬁ"
jeA+0=0+4a = A
s g s o
adsme T A e - B koW as additive iy
¢ (Left caxcellation)

@ Busssczof veree
ieds=0= 5=C LY :
5= \’C::B _ ¢ (Right cancellation) X;
N *
of Matricss
their subtraction j;
. .\b a[th‘@“w ten Kdeﬂhd§
I pwo DTN S y woines as =5 W
) hea A - Bs;mmxoforde:mxh
r:g.i.hssnx - sing elemenss of A

@ KA
© EB+A =C+

;‘F"‘j :[pq:f[c:flbd-—g.xz .

s‘:—_—_‘.rvfo‘[s 4] B‘[0—1 ; "\‘

- waoD -0 :
24]-[5 1 '

i

¢ 12-s4J_Ju s
9—3(-3 s-2d T L-3 5]
+ereeeee. ILUSTRATIVE EXAMPLES

ora=f 4 e-[7 i35 c-[37 4],‘“_&
34-2B+2C

Solution : Since the matrices A, B, C are of the same ordzr, tbcx:addmonxspm

A 4
_]43]

. a2 4 -
- 3"'28“2‘:'3[0 3 5]“ [1 4 o]+2

6 12 6 10 — 2-2

0 915 2 8 o] [ 8
6-6+2 12-10- 2 3+2+s
0-2+4 9- 842 15-0z16

-2 S
3 2' 2x3

12 3 20 - SR
m”"’[" 4 5 B=|yg o_f evalua 3
7 8 9 te: 2A - 3B.

2 3
Solution -

Matrices Aand B are of the
S2me order. Hence, their addirior - G et
addition is confirmed.

g

A+B+C = 0 true.

I

\
|
w
]
"
~
~NO -
CR RN
“w
b
[
w
ey

-
=

1

o
M ~nOWM

o

5
"y ;._I_ﬁ
e
oo

"
“o
L
I -

o
!
000
5
]
g
[t

e
s
- g
[12 3
8 7
@ Ira= [4 7]“‘[l

Solution :
Ais2x2,Bis2x2 -

|
-
o o
lr-—‘

6] fad2a+38- ~ 4L where [ the wmit matrix of erder twa.

for 2A+3B -4 ©bhold Imewbeax -

24+3B-4 »’[4 .,] sk 3&]"’[1 A
ol I B A e

4+3-4 6+ 9-10Q
8+lz~0 14518 - 4

‘[20 al,..,

ra=[1" 2] N
(8] A= 3 ,ﬁrﬂmBsﬂMA+B=t
Solution :
Ais2x2 ~ A+B =0 tobebildree Baad0ae2x2

A+B =0
N —0-A=-aA__|1 2
- B=0-a=-a=-[7 2
B =173
1x2
l —2 3

G A= l] and B = [1 ° , nd matrix Csuch thatA+B+C s Q&
Solution :

Here A is 2 x 3, Bis 2x 3, and therefore C a2d 0 most be 2 X 3 to bold the sttzmem

A+B+C =0
C =0- (A+B)--(A+B)

1 -2 0 1
c { s —1 1 ~3]}

1+1 -2+0 3+l
4-2 S+1 -1-3

] [—2 2 -4
T - -6 4




,ﬁ&wuﬂ-ﬁ
F. Y. Dip.
P. in Ehgg. Se,n

o such that A =2X = [—2 -8

oua=[7 4] rnamarrix - [2 -0
(¢ = |
olution ¢

iis!xz er-lsaZxZ

[-2 —8] rewriting, we get
Given A-2X

=A- [3-5 )
-2 -

3 3]'[3'5

S[R3

YRR B R

3

@) Find X’ lhltJX*[] _3] [—; 1; ::
msX*L J-13 ]
Rewriting, we H
- ] i
7-4 11-5 4

3"‘[3-1 9+3 a4

x = [912

912] [3 4] ;e

2 3 4 3 -4 -5 -
{8)I!A[-3 0o 2J B=[ Jnnd C= [7 0 3]'“"dlmld;rr
that 24 +3B-X = C.

o

Solution : 1 i J
Mmm‘aaA.B,CmﬂleJ.XmustchxJtohoIdZA+3B—X= ¢ Hia
" 2A43B-X = . ‘4
X =2A438-C -+ Note the transposition of X, ‘{"
¥
‘2[3 o ]+3 3 - 21 5
2 0 )/
9- : ,
=% 4] [ 12 15]_. s —1 ]
4+9-5

[“3 RE 12:,1 8-]5—2

0 4+3-3
=l-10 -fs 7 1
4 2xy ]

trices

. . 1 -2 e
9) Find C, I'A‘I(,.n'ym.!A_[s ° :—] and “’i‘ ‘1. Ss\
~1

3 2
Solution :

Given A+2C =1, rewriting, we have ;
2C = B-A

2 -~ 3 1 -2
2 '[‘ 2 S]- s o
0 3 -1 32

-1 -1e2 3y g -
2€ ’["’ 2-0 s-oq|a|g 574
0-3 3 -2 . 300

0
Lot =3
,[1 1 -3 2‘ 2 2
C=351-1 2 4} 2
2.3 1 o} 2
31 0
2 2
pr X= ] Y = H R
{10 3 4 1-3 = s , + show that 3X +Y = Z.
Solution :
Let us first find 3X + Y.
12 4 5
X+ Y =3[_3 4]‘[1 _3]
[3 6] [4 5]
=l-9 21t 3
3+4 6+ 5
-9+1 12-3
711
-8 9
=27 ... By inspection

3X+Y = Z istre.
3 2 -1 -17 .
(anp r A=|1 -1} and B=| 3 2| verifythat A+B = B+A.
0 4 4 -2
Solution :
Ais3Ix2, BisdIx2
A+D and B+ A are defined.

302] -1 -1
A+ -[1 -1]4. 302
0 4} L4 -

j-1 2-1
={1+3 -1+2
0+4 4-2




e R

3 1]} ()
B =
A+ i 2

1

2
=[4 ] @
4 2

1) and (2). we have
From r:sul!in( )= o (verified)

e [ia-B3le-nl

verify that (A+B)+C = A+B+0).
Solution :

Since matrices A, B, C are all square matrices of the same order, their additions are der

Consider A+B = [_ ] [] 2
-[; 1]
B (A+B)+C '[z l] [I -1
3 e ()

- Next, B+C = ,-1] [0 3

, : 1 -2
4 -3

2 A+(B+C) =[_; 3]*[} :;
2 [32 g .‘.éz)

From results (1) and (2), we have
(A+B)+C = A+B+C)
13 Fmdxandysa(kfyhglheequaﬁon
RN HE I
Solution ;
Given

bsg g .

(verified)

‘

F. Y. Dip.

ineq,

4

nd

L w*._‘ "

; \(w'ﬁ//\ = [: 2 -67,] and 1 = [1 .

nd

Adding matrices on LIS, ye get

P43 xs 1
Ly + 4 ZA14 g "

2
x4 ’
A 2 .
y44 5 2] [ 1,2

2
Now, by equality of matrices, we get
x+1 =2, y44 a4
x=2~1, Yy =6-4
x =1, y =2

~-21
36] :m!il)A-B.ﬂndxnndy.
Solution : .

Given 3A =
[ 3 9] [ o ]

%09 -2 B .
12 ]- 'y L=

18y
By squalllyofmamccs we get
3x = 1-y and 18y = 36 Ly=2

Putting y = 2 in 3x = 1-y . 3x = 1_9 Z % =-1 - xezb

- )
Thus, x = ?’. y=2

-1 3 : ’ .

(15) I A =] 4 5] expressitasthe sum of the and the skew-sy matrix.
Solution :
Let the matrix A = B+C .

_ : < a ¢

there B = symmetric matrix = [c b]' say

C = skew-symmetric matrix = [?‘ -’:)], say
From (1), substituting B and C, we get
A R PR R H
4 s1=Lc bl*lx o
Adding matrices on R.H.S. we get

B R PR

Now, by equality of matrices, we get

a=-1, b=5 c-x=3, c+x =4
Solving c-x =3
c+x =4 ... simultaneously,
% =1
oL
c 2




_ p+C gives

A= ’ .1
-1 75 0 -3 :
[-j 35] = 21 5 ¥ +21 0
Sy’;;::;ric Skcw’::;r:il;nﬂﬁc _"
. EXERCISES rrrvece. / 4
A
o o seesm [} 3 5] [5 =1 definea? usity your answer, i

-,7]"[:4 35]
© IfA = [g 3‘] B= [g -_;], obtain the matrix A - 3B.
@ 1A = [j 37] B = [j 36] find 3A - 2B.

-1

3 2 -5
@ fA=[0 1 1fad B= 8
0, 2

4 -1

2
(b) Evaluate : [4

6 7
0 4| find 3A +2B.
-3 1

25 4 - : T
O IfA = [0 ,], B=|, :)] C= [; 72],-'ﬁnd 5A-3B+2C..
- i 31 1 -
®Ira=[y 5], B= [0 _f g] evaluate 3A - 4B,

23 137 .
\(Mm- P n=[l 3] taoasmoa

i ' where Lis the unit matrix of order two,
W fA = [_cosG B [sine
- ~ Leos 8

sin
@ @ 1fA=[72 ‘é] B=[§ 9] c
-5 1)

sin @

cos 6] —cos 0

sin 0

N [g 69]. show that A+B = C

i

P

4
)

| @ TrA = [_13 24] and 2A+3B = 0, then find the matrix B.

)
L Bo=l0
2. 4 -
verify that (A+ B3) 4+ C = A +(B 0y
d L .
© WA= [3 24]. B =

1 3] 2 17
) A= [7 B} B = [,) 0], showthat A+ B = B+ A,

3 2 0
A= [ T 3 s
© y; 1 s] bl & l]. C=1_% .A show that A =38 = C,
(@) (a)/ Can we find x and y in the following matrix equation?

7 2 4
[?x y—’J]' ‘% yiS]‘
) If 2 [’y‘] = [12] find x and .
(c) Find the values of x and ¥ satisfying the following equation :
[1 x 0]*[3 1 2]=[41 'z]
y, 2 4 4 3 2 6 s 2}
(d) Hind the values of x and y satisfying the matrix equation :

N 2x+ 1 -1 1] [—\ 6 4 4 5 s
AR I B HRVIRA ¢

|

5

-1 -2
-3 ,4]. showthat A+ B = 0,

3 4y

' g 2 -3 a9 4 6
&'Y"[7 3]*[-5 b]= 2 o] showthat asb = 3.

‘9,Givan = [_21 13]_ B = [g ‘S]' C= ‘}‘ 30

find the value of K if A + 2B + KC = [—0\ 3

T4 2 -5 3 5 -1
) IFA = | _ . B= [ . find the matrix ‘X’ suchthat A+ X = B.
oL 35 3 12 s] A= 0A
: s 4 5 10 -1
(¢ Find Xif [_3 6]+X = [0 -]

] find cos 6 - A +sin0:B

@ ta=[3 78] m= [ ] fna e mawin x such war2x v 38 - 48 =1,

where I is identity matrix of order 2.

© IfA= [_2x 34] B= [’}) 2‘]. find *X" such that 2X + 3A - 2B = 0
' N I findthe matrx X" such that 2A + X = 38
- O wA=s 5 BELa b

-1 3 -1 0 1
Find‘X‘suchlhalz{x+[24 2 0]}=[_1 oy A

B

1 -2 _[3 2
(h) Find ‘X’ and 'Y5ifX+Y = [3 4] and X-Y 3 [_\ o]




o [24]
o [3 %]

-1 9 20
16 3 1
@© [16 9 2

® [2?) 122] .

3 @ x=1%2 ycannozbedetmnincd. .
(C)X=l.y=2 @x=2Y*=
1[-2 -4 )[-l 3 4]
('”")5[6-8] ® s -3 2
Ry )

oi[n M el

1o 2 ] " e
i =12 2 an -B'%
(i) Find the matrices A and B. ifA+B [1 2.4 l:j
ANSWERS
i different.
' i £ two matrices ar°
(1) (@ No,since the order © = : [4 ) ]
l © -7 7 4% 9
® o 12

® [3 P

27]
3

®) x=35y=-4
® k=-1
6 -6
© [3 -11
5 -4
® [—11 6

i 23] wx=[ 9l v-[373

®31-7-5
12 3 0-2 -1
6)A=321],B=—101
0 0 2 110

4.3.6 The Multiplication of Matrices

(@) Inner Product:

The single equation ax + by +cz=d may be written in the form

b oo H 0
Z
x
Inthiscase, [a b c]! y} = [ax + by + cz]
z }

X

is called the inner product of the matrices [a b ¢] and [ y} The linear form ax + by +cz isthe :T

z

the product of corresponding terms of the two matrices ‘
(b) Procedure of Multiplication of Malrices :

Two matrices A = | ;] and B= [bij

columns of A equals the number of rows of B

1

S A L

st B

]

1 are said to be confirmable for the product AB, if the num

%
!

fatrlces
ol —_—

1
X if Ais 3x 1, Bis 1 X3, then AB is 3x3

5

—

1f A and B are not confirmable for the product AB, then AB is not defi
y. nol ined.

symbolically. if Ais mxp, Bis px f 5
P % n, then AB is possible and its order is m x p.

similarly,

1
if Ais 2% 3, Bis 3X2, then AB is 2x2

if Ais 3x2, Bis 3 X2, then AB is not defined

not equal

Examples :
32 -1 2
an A = [4 _1]v B = [_ 0 4]. find AB.

T el
Ais 2%x2,Bis 2x2
LI

. AB is 2x2
3 27— R =
AB=[4 -1 —»R;' 1(; 24]
' { 4
C G
R . C R, C;
=LlR, C R C <

_[®ED+ @O )@+ @)@ "
@ ED+HEDO) G@A+EDG

-3+0 6+ 8]
-4+0 8-4

-2, | . ‘
?2) ={‘; —10}
1 =

In this case, Ais 3 x2, Bis 2x3
Ll

equals
3
AB = |2
1

TR a3
oo Rs - 1 -

_2E Ry L5 3
. LR

-1 3
B =14

3=

5 _2]. find AB, if possible.
AN

& AB isdefinedandis 3%x3

CC G
R C R C R Gy
=R, C‘ R, C; Ry )
R;C; Ry G Ry C z

_




(c) Divisors of Zero:
If the product of two or m
factors are called divisors of zero.
For instance,

2 6
. 4 2 i =
A=84]andB

-4 -121
4 2] [ 2 6=[°° =0
then  AB = [g 4]'[—4 -12 P

Here, A # 0, B #0, but AB = 0. Such matrices A and B are called div}
Properties of Matrix Mi ultiplication :
(1) Matrix multiplication, in general is non-commutative :
If A and B are two matrices such that the products AB and BA, b
AB #BA.
(2) Matrix multiplication is always an associative :
If A, B and C are three matrices such that the respective products are
always. s
(3) Matrix multiplication is distributive over addition/subtraction :
If A and B are of the same order m X n and Cis n X g,
ifE is of order p X m, then E (A + B) = EA + EB, always.
(4) Cancellation law does not hold :
If AB = A, then it does not imply B =C.

ore matrices is Zero, it does not follow ¢

I

Remarks :
(1) AB and BA are both defined, if and only
, and B, both the product AB and BA are defined,
() Inthe product AB, B js pre-multiplied
3) IfA andBaremxp matrices (m=n)
4 A. A which we write a5 A?, exists only if
matrix of the order same as A e
) IfA, B and] are
() (A+B) = A’ +AB+Bp
(i) (A-B)? = 2 ~AB-pp i 2
(iii) (A +B)(A -B) = A2 _A;B
(iV)A~I=I«A=A At

Square matrices of 1he same order, then

B?

(2) 3) + (0)) ((:g))
2) (\2)

@mreb® OB oE B
)
{8;8;:(9)2))(&)) ((1))('”*('2) RS
324 -3- 5 2 g
—[2+0 -2+ 0. 6+4
1o -1-10 3¢

(5) For two diagonal matrices A and B, itis always true that AB = BA.

by Aand A is poél-mulu'plied by B.
such that AB = BA, then A and B are said to be o

+ (=

/

hat one of o
, the g
achnh

.

tsors of Zerg

oth are deﬁnedl theyy
> o

defined, thep A (BC);
x 3|

o

L)
then (A + B) C = AC + BC alwa};{

ifAismxnandBisnxm, Thus, for square m

=nie. Ais a square matrix, A? s alsot!

©@1=01r=0 I™, where m s an,
In fact, multiplying any matrix b,
product is defined. For instance,

1 0 0 3
[ o] H N
1hxs I1hyxy 1ha,

0 1
o 0
(7) Foramatrix A,A-0=0-A=0if the products are defined.
(®) 1f the product AB is defined and AB = 1, then A ana are cailad inverse of each othy
of each other.

sseeeeee ILLUSTRATIVE EXAMPLES ........

L _It - 1 0
wra=[L3] s- B 31 ind the mates a2t
Solution :
A and B are square matrices of order 2 X 2. So AB is defined ang

1 —5] [1 o]
AB - 21 1
6 4l Lo —\] -2 [o o‘]

_J1+0 0+ 5 2 0
-[64—0 0-41"10 2

= [é —i]‘[%) '02
- [ 2]

2 4
@ IfA= [_1 _2 > show that A? is a null matrix.

Y positive integer.

Y @ unit matrix leaves the matrix unaffected provided
that the

d AB - 2 to hold, I must be 2 x 2.

Solution :

2 4 2 4
2 - A-A =
Hre A2 =A-A=|_] _2].[_‘ 5
_ 4-4 8-8 00 P
= [—2 +2 ,—4+4] = [o 0] = Null matrix
1 2] -4 4
@B If A= [_1 21 B = [ 2 _2], find AB. What conclusion can be drawn from this
result?
Solution :

A and B are square matrices of order 2 X 2. . AB is defined.

1 2] [ 4
AB =] -2]‘[2 —2] :
- _[-4+4 4-4
FLla-4 -4+4
00 :
= |o 0] Null matrix

AB is a null matrix.
Here A#0,B #0, but AB=0.
Thus, in matrix algebra, if the product

AB =0, it does not necessarily imply.that either A=00rB=0. .




4 "
3], find the matrix AR ang wity

Matrices

Solution @

=~ ABis defined and is 3 X 3.

A AT i

iz, ,v,‘/‘:,/l‘}

s

matrix. wor

ext, Bis 2 X 15 . is defined and is 2 X 2.
N 2x3 Ais 3x2 BA is defined and

o s e Lttt s s ncheion ¥

Thus, (AB),,, # (BA)yx2-
2 ] B_[3 2] show that AB = BA =I

A and B are square matrices of xhc same order. .. ABand BA, both are defined.

- 9 -

From results (1) and (2), it is found that AB=BA =1,

~8A is a scalar matrix.

4

AN
h«:u&. lz,.,ﬁ

k‘«xh

Here AT = ALA

4 4 2 4 4

4 2 4} 4 2 4

4 4 2)\la 4 2

4+16+1i6 B4+84 16

- 8
8+16+38 16 +8 4+ 8 16+ 16 + 4

36 32 37 2 4 4
A2 - 8A =[32 36 32}-3 4 2 a4
32 32 36 4 4 2] a
36 32 32 M16 32 32
=132 36 2|-|n2 1 3
32 32 36) 32 32 16

20 0 O
=| 0 20 0| which is a scalar matrix
0 0 20

A? — 8A is a scalar matrix

2 4 "
fA= [l 1].showlh:\(As:msﬁrsthemnuheqm&mA’=3A+Zl.whnelk\mk§mﬁ\y

Solution :
S Al = A-A

4].[2 4]
4+4 8+ 4 81’]
2+1 4+

3A+21 = 2 ]+2[0 ]
s v] Eo-6 .

From results (1) and (2), it is clear that
2 = 3A+20 ... (Satisfied)

@YIf A= [; 35]. find A2 - 9A + 141, where 1 is a unit matrix. {Similar to W07}

()

Solution :
A = AA

43 2 21
2 2 ] [\8 3k

s AT -5A+ 4L

2 21 4 3] 1 °]
s ol %L s ”{0 !




4.22

2 27 _[?z %‘;]+[13 13]

x-1=0o0r xt4x+1=0

x = lis the real root. x2+x+1
Thus, given X is the complex cube root of unity,

= 0 has two complex roots.
it fulfills the e uation x2 b
q + X+ 1‘ =0 My

™

atrices

18 31
[22—36+14 27—i§+?4 Matrices
= Lig-18+0 31-45+ iting the terms of th N .
] Rewriing © matrix 5o that the trigonometric formulac suit directl
- [0 0] = Null matrix . = [_“”.“ cos B - sin & sin B ¥ Y. we get
0o O o1 L (sin o - cos B + cos o - sin B} ‘;gluu',csln‘co,'“"i“ﬁ
ox x? B % X0 | wherex is the complex culy ! - [_cqn (@ +PB) sin(a+P) o8 - sina-sinp
ofh=[x ¥ 1 B =X ! © roog gp, sin (o + ) cos (& + B)
x: 1 X 1 X Uy, = Agsp o
. !
AB and show (hat ABIso null matrix. ‘ Further
Solution : 'q ApAa = [_C:f‘:\% “‘:" B] [ cosa sina
x is the complex cube root of unity. 08 -sind  cosd.
’ =[ cos a - cos f - sin o sin B sin
WV oa=t x3-1=0 —cos o - sin P - sina-cosP -sina- cos B+ cos @ sin B
Let x = R cot (s ] sin P + cos o cos B
Factorizings 4 = LS (e +5g sin (o0 + B)
(x—l)(x’+x+1)=0 o ) cos (at + B)
; F oy el @
4 From results (1) and (2), it is clear that

Aa-Ap = Ap-Aa = Agup

an 1A = [g —21]' B = ['; _5]| C= U) —ss]' e (AB)(': - o

Solution :

x3=1 ¢ ) 2 1
1 X X x X
i Now, A =[x ® 1]'["1 1 x:l 5 . ce A, B, C are square matri
: X2 1 X 1 x .xl { d:ﬁnsa:ince » B Auarsna ces of order 2 x 2, therefore, every product of these three matrices is
x4+ x3 4 x? X2+ x+x3 1+ x2+x? q ’ i
={x2+x“+l X3 +'x2 + X x+x3+x2:' AB:[% ‘].['}‘ _§]= -2-8 \0+6“\=‘-\0 16
- 7 Pex24x x+14x? X2+ x + x3 1016 e -3+4 15-3 112
; _T- -
" Now,hcn:wn‘w'x‘asx’~xandtakex’ =1 x4 =1-x=x ¥ (AB)C = [ 1 12]'[0 5]
P x2+x+1x2+x+lx2+x+1 -70+0 50+ 80 70 1
’ AB:[x2+x+1 x+x+1 x2+x+1 =[7+0—5+60}= 7 352 B0
o 2rx+1 x2+x+l x4+ x+ 1 : -1 5 7 -5
J Butwehavex? +x+1 =0 3 Euihes - =[4 —3]' 0o 5
h 0 0 0 .:- Z -71+0 S+25]_[—7 30
AB = 8 3 0l = Null matrix : =128+0.-20-15] = L28 35
- 0 : 2 21 [1 %0
0) It A =[cosa sin a] ot aeo - [3 A B
- . o= | Sin G Cos s showthat Aq By = Bg-Ag = Aa.p _ [-14-56 60+70 -10 130 @
olution : =1-21428 90-3s1=L 7 55 =
Given A = [_cs?;c; sin @ ] e [ cosp sin P From results (1) and (2), itis clear that (AB) C'= A®BC)
s P= L-sinp cosP afun-[33) 5= 30 31]’C=[22—1 ™
. = - - ’
o e [EE0H B 2
' ) cos (o + ) : showt}mt AB+C) = AB&;AC. E
Aq-Bg = [_Cs‘i’;l; sin a] - [ cosB sin B Solution : &
cEsa -sin B - cos B { B and C are of same order =, B +C)is defined.
_ Jcos o cosB-sina-si - -1 - 2
= i - sin : . . 12 3 2 -1 R ERR ]
[-smacosﬁ—cosasiﬁ ‘Cosa.smB+smaCOSB] B+C=[3 0 1 +l-2 2 l"_\ 2 4lyxs
in B —sin o - sin B + cos @ - €08 .
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4.24

2x3
Ais2x2, (B+C)|s2x3 A(B-o-C)ts

[3 1
aweo - [ 2]
5 5 lO
'[7 4
Next AB, AC and AB +AC arc defncd

AB + AC [21 2] [3
753 [
=[§ | @
Fromr:su!u(l)and(l).ilisclwumA(B+C)=AB+2AC,0 l

where A =2 1 3]
(13) If [(x) = x* - 5x+ 6, evaluate {(A), L 5 0]

(1)

1] [2 2][2_l 3
5 i ]

-2
2

Solution :
Given
fix) =x*-5x+6 '
' ~ f(A) = A2-5A+6] where 1 is a unit matrix of order 3 x 3.

2 0 1 2 0 1
2 1 3/-/2 1 3
1 -1 0JLl -1 O

Now, AZ=A-A

4+0+1 0+0-1 2+0+ 07~
" =[4+2+3 0+1-3 24340
; 2-2+0 0-1+0 1-3+0
5 -1 2
e =l9 -2 5
0 -1 -2
Now, f(A) = A2-5A+6]

N

5-1 21" [2 0 1 10

9 -2 5/-512 1 3[+6(0 1
i 0 -1 -2 1 -1 0 0 0
; S5-1 21710 0 57 [6 0
9 -2 5|-l10 5 I5(+/0 0
0 -1 -2 5 -5 0 0 6
5-10+6~l—0+0 2~-5+0 1 -1
[9-m+o “2-546 5-154+0 -1 -1
0-54+0 —l+5+0—2-0+6 -5 4
ind the values of x and Y, if B

| RN
Solution ; 77
7 1 2
G x 5 - _
iven [3 2][2 y 5] =[:Is :; 7]]

oo

(%F‘

_

|

. Matrices
A

Multiplying ma"l"\ MLHS  we "-.

Y x44 2y =34 1q7 ;
3- [1;.4 05+ gy 7‘1(‘,] 2 X "1
| Rk M IR
By equality of matrices, we zet
x+4 =5 X =Sy fr wy
ad 542 =-3 .2y =~3-5 .3
“2y =8 oy .
Thus, x =1, y = -4 B -
(15) Find x and Y, if {3[‘ 3 2 } "
~} - 2 \ kY
Alas ) ;,,-m
Solution :
: 4 1 3] 3 f
Given {3[0 ) Rl PR \3.\
1_2‘\
Upon simplification, we get
(e
0 -3 -9] [ 12 z -6}} ‘.;B -[]
6 -1 [‘3‘ [l]
a
12 -5 3 L:j y
Multiplying the matrices on LH.S, we gt
- [6-3~ 2 t
- 12-1%5+6 '[y]

By equality of matrices, x = 1, y = 3

-6 1A = [: _:]ﬂnd X" suchthat AX = I, where 1is2x2.
Solution :
Here
Ay Xiaz = haa
p A
Since Ais 2x2, lis 2x2 ..

aox <2 4]

Then from A« X = 1, we get .

R B R R bR

Multiplying the matrices on L.H.S., we get

[2u+c °b+d] [0 |]

X mustbe 2x2.




By equality of matrices.

2a+¢ =

Putting d
2b~1

putting € %

N

11
=|2 2
0o -1

2 -2

-4 1= A
4, show that A? = A.
A=[-1 3 ]v
an Ir [l

-2 -3
Sohulan'
=A-A
2 -2 -4 2,-2 -47
-1 3 4ff-1 34
1 -2 -3 L1.-2 3
2- -4-6+8.~8-8+12
';' 34 4 2+49-8 ~4+12-12
2+42-3 -2-6+6 -4-8+9
2 -2 -4
[1 3 4
1 -2
A

Thus, A? =

2 6 2 4
(18) Find theunknownmatrix ‘X", if |4 X = |12 4 8|,
{ : 1 3 1. 2
Seal Solution ;
_ ) ) 2 6 2 4
> g Given 4 'Xl” =112 4 8
, L 31 24y
v, N Xmuslbclx.‘!

o

[[ﬂbcl {Igi;]

I 2
| Muluplymg matrices on LH.S, w,

e get
22 2p 2 6 2 4
4ﬂ 4b [ 12 J

Dy cquality of matrices, we get
qd Y f ;

a=3 b=1 c=2
X,
{0 1 -1
! ITA =13 -2 3| showthat A? = |,
Solution ¢
0O 1170 1 -
=AA =3 2 3.[3 -2 3
2 -2 3} |2 .2 3
043-2 0-242 043 -3
0-64+6 344-6 -3-64+9
0-64+6 244-6 -2-649
1
=[0 1 0]
0 0 1
=1 e
Thus A =1
1 3 4
20) |[A+l= -12 13 2: obtain the matrix (A + ) (A -T).

Solution ¢

Given

3.477-1 3 ;
A-1 -1 3|1 -l
(A+D)( ){2_3‘ 5 o =4
“1-3-8 3-3-12 4+9-4
al 1-1-6 =3-1-9 -4+3-3} .
2+43-2 -6+3-3-8-9-1

-12 =12 9 . .
= -6 -13 -4
3 -6 -18 |




4.28

EXERCISES --vvv. 1

2 3 o= P o ;

' A=L1r "6 i ]

) DtlcrrnxncA+lng|\'cn that .

()@
\ 2 :)
and C = g . £
ste A= TA

£ 2 1 ‘xhcnw’”l’
) 1A= [o 2] 23

) 3] =3 I}
,: FERE ? [l 2

ere 1 is the unit matrix of order 2.

© IfA =

find the matrix AB ~ 31 wh

1 -2 3 -1 "],
M\lf/\:[o 2]3"‘”*’ 120

3 -l
find the matrix AB and without

-1 2

0 2] d C= [ ]
- 2 1 - an 2 o] find ;
© lfA=[] |]' B [l 3 A(B~C'

2 5 4 1 2
% o - 1 i 1
' B=| 6 6-5:Iandc_.[4_3
2 ”A:['f ; g] [—1 10 1 1)

2

computing BA. show that AB # BA

find the matrix AB-0).
32 _I4 1] ‘ )
® IM:[Z 3],8—[1 4 . find AB and BA.Is AB = Ba9

3.1 e
M) IfA = [_1 2], find the matrix A?-5A+ 7L

1 -2 3
) Evaluate A?-3A+9L if A = 2 3 -1} s
-3 1 2

G IA = [g “;],ﬁnd A? +4A + 21, where I = unit matrix, ’
’ 39 ) ,
Q)@ IfA=1_" 5| show that A? is a null matrix.
6
() IfA =] _ —69]' prove that A% = 0.

© IfA = [_; _;].show that A2 = 2A.
@ IfA [2 'y :
IfA =[-2 3 -2/ show that A2 =
-1 4 3 A

(C) Show that the matri = l = l ' . cv
ces A an I mu’
3 2 d B i 4 are commute,

0 AA = [C"-*'U ~8in 0 ; ;
‘\/ sin0  cosg) B = [“’50 sin 0

-$in 0 cog g |+ Show that AB = BA.

" Y B
N AR ?%r: Y :
. RO\
o mirend

atrices -

b 3 -5 R T
; A = =\ 3 u
L @) ‘ 2 fl“ B {‘ 1\. verify thas AR » A

3

5 4

) ny A = . Ba)3 ¢

!.l‘ (h) [_4 31 ‘ 4 _‘],ihunxhn AB = BA -

iy 2 3
3 1 -3 A
) WA = il 4 5| and B = |-

; 3 % 3 )1 }‘ -:;\j show that AB = §

) P 3 3 7 -3

§ -3 =3

: G 1A = {1 4 3} B = K—l 1 0} shon

Al L th: =

! ' 3 1 s 2 withat AB = |

$ A = [2 4]

! ) =13 1) show that A7 — 3A - 21 = 0, whers 1 s the wnit matrix of order 2.

1 2 2'\
IfA=1|2 1 2 ¥ 2
0] i ‘J.shrwthn: Al - 4A i3 a scalar marrin

cos® sin®
4 3 @ IfFA = [_ 7 .show that Al = [:nslf) i 20
X ( sin® cos® e et A -sin 20 cos20)

I I A I P O

B S L
verify that (AB) C = A (BC).

1 2 1 1~ g
© """[2 0 —3]- B=i2 0 3“‘. cj\:: A
3
verify that (AB)C = A (BC).
12 3 8 7 -2 s -1
@ ll’A={3 1 2}3:&6 s -Xc: 103 04
-1 2 - -2 1 3 207
\ verify that (AB)C = A (BC).
- T2 3 2 -1 -1
@ IfA = [—1 3]' B = [0 -3 \]- c= Lz 1 A'
vcrifyﬂ\alA(deC):AB»r\C and A(B-C) = AB-AC.
5 4 3 -
O 1A = [-1 2]' " L Al e L\J
verify that (A+B)-C = AC+BC and (A-B).C = AC-BC.
11 1 2 0 2
wiua=[b 4e=0 % c-10 2,

then verify that AB = AC. What do you corfclude from this result?
Note : AB = AC does not imply B = C. Cancellation law does not hold.

u

(h) Show that the matrix A = \-_}) 33 satisfies A? - 4A +31 = 0, where 1 = Gnit matrix.

*




F. Y. Dip.

(i) “‘/\—[1 21 e [' 2]

24BA-AB - “:
verify that (A+B)(A- -B) = A

G 1A = [; §] B [22 3] G [2 0] verify iy,
-2
(4) (2) Findxandy, if[g .4‘] [:(] = [,V]

301 _[-10 15].
() Find xand y.if [x y] ['4 5]

4 X
2(l1 2 [ 3] Y|
if R
(c) Find the values of x, y» 2,1 5 i

z
(d) Find the valuc; of x and y from the matrix equation

(o[ 2 -2 37 e]- [
{e)ﬁndx‘y.l.if{[é ?) E]”[z‘ ;; g}
o 1A =[Ié ?] n=[—gz 13] c= [f]andx=[:y]‘

/

find the values of x, y, z, if (SA-3B)-C = X. ¥

© IrA = [2 _,] [4 ‘2] c = [3] max- E]

find the values of a, b and c, if (2A+3B)-C = X,

wune[} o[ Jus= [} 2],

o

find x and y.

3 X d

y/fA [3 ]andB 2] g S

find x and y such that AB lsanuﬂ malrix,
J"/ IrA = ['

(k) Find the values of 2’

and B = [ O] and (A +B) (A - B) AZ-p2 g
3 " and 'b’ from lhcmalnx equation,
A HHE

) Fmd X, y satisfying he malnx cquauon
3 2 ;-{ 3]=53137]
6) @ IfA = [21 :;]. B = [_j :;‘]nnd AB =
KAy SN PN R

ﬁnd 4 matrijx ‘X’

’

such that AX = g

find vy

= I, where I = Identity matrix, find 8

——— 43
—— %
(¢) Find the matrix XLAEA = [

A ) "'[1 ,]nmux-a

(d) Find the unknown matrix ‘X, it V‘l X = {12 4 3
1 31

(¢) Find the matrix ‘X' such that AX = B,

ifA = [2 "3] and B = [z]

® uA:-[l 2] and 8= (7 "]
find the matrix C such that AC = B,
(g) Solve for ‘X' and *Y*, if

oo [3¥] T o[ o %3

1 -5 4
d AB = [2 4 01 » BAis2x2 - AB = BA
8 -5 12

: 9 18 -39
© [(1) 33] I {-9 = -35}

10 21 -12

. -6 1 2 . a4 65
(h) Zero matrix @) {g ‘; 'ﬂ [\) [73 \99]

@ @ x=-1, y=-4

(® Yes, AB = BA

®) x:%_ y=3 © x=3,y=2=2

@ x=2,y=4 © x=31,y=53, 2=19 () x=-2, y=8,2=-6 i

® a=14,b=8 c=21 () x=0,y=1. @ x=-6, y=-1

G x=2,y=2 K a=-2, b=1 0 x=1,y=2

) 617
; ) 1
G @ x=3,y=2 ®) [5 © 3 5 4 -X
L -6
1 3 . C=¢<
@x=03 112 ©7 [_14] 0 C=The s

(g)x__;ls.[_:l t],\l:% _“" 44



of a Matrix
437 Transpe + A by interchanging the rows ang
cd from a given matri coly

The matrix obtaint Al o AT.

transpose of A. It is denoted by

Iy
o A
[3 2] : :
4 6lix2

For instance,
1 ‘] L then A’ or AT =
= [l 613x3
rnous that: (&) = A- AA’ ‘A exi
m n o then A" is n X m. Thus, both the products and A’A exijgt ang o,

@ IfAismXxn,
orders unless A is a square matrix. '
se of a row matrix is a colum
((43)) :::gxw of a scalar quantity is the same scalar quantity.
Properties of Transpasition of Matrices =
(1) The transpose of the sum of two mamccs is equal to the sum of their uanspos:s Thus, i)
amhvomxmmoflhesameordu then )
(A+B)-A+B-B+A ]
(@) .The transpose of the product of two matrices is equal to the product of the trang,
of multiplcation i reversed. Thus, if A and B are two matrices confirmable for the Pmducl AB iy
(ABY = B'A
G) IfA-A’=A’- A= then A is called orthogonal. If |A | = 1, A is called pmper
JA[=-1, then A is called improper matrix.
Important Result :
Any square matrix (A) can be expressed as sum of a Symmetric matrix (B) and a Skcw
matrix (C).
Thus,

where

n matrix and vice versa.

Mrix

A =B+C o
= Symmetric matrix = % (A+A)

C = Skew-symmetric matrix = 1 (A-4)

atam s lacw

—
Skew-symmetric

esessuee ILLUSTRATIVE EXAMPLES

—_—
Symmetric

sesesssse

M IA- z s 6 ) '
] B= 2 4 verify that (AB)’ = B’A’,

Solution :
In this problem,

Alis 2x3 Bis 3x Y i
257 AB is defined an j 2x2,

 atrices
51 ——

P°Sea 5% |

.%'

"

. 2 5 6 6 1
SRR R

2] 5 1
[|2+0»30 2+ 20+ 472
0+0+10 0+ 44+ 14

42 64
AB = l10 18
42 10
(ABY = |6a4 18 e (D)
2 5 6 20
Further A =[0 1 2]“’ .A’:[S Il
6 2hez
[6 ll 6 0 5
B =|0 4 B [ ]
wd 5 Thx: “loa L3 PP
§ nmeaee}
Since B’ is 2x3, A’is 3x2, S B A is2x2

SHRRILER

12+40+30 0+0+ 10

2+20+42 0+4+14
42 10
64- 18 N va)
Form results (1) and (2), we have
(ABY = B’A’

Hence, the result.
® ExpmlhemaMxAuthemmohsymmetﬂcmdtMMmauh, where

4 2 -3
1 3 -
5 0 <

-

Solution :
We know that for a symmetric matrix, A’ = A and for a skew-symmetric matrix, A’ = ~A.
Thus, if A is the given square malr‘u.. then we have :

A = 1 (A+A') + (A-A') W (1)
(NS _\,_.‘
Sy i Skew-sy i
4 2 =3 4 1 -5
Now,Given A =| 1 3 - A=l 2 3 0
‘ -5 0 - -3 -6 -
i 4 2 -3 4 1 -5 8§ 3 -8
A A+A =| 1 3 -6|+| 2 3 al={3 6 -6 - @
-5 0 -7] [-3 -6 1] L-8 -6 -14




0 1
=1 dg
-2

4 1 -3
R
} 3l s

10 0
=0 1 0
0 0 1

=1
Thus, AA” =1
i Matrix A is or thogonal.

Wia=[2-17 o_[5 61 .
[3 4]. B= [_2 5] verify that (AB)’ = B’ A’,

@ Verify that (a) (ABY = B'A’ (b) (A4 By = A'4 B

Gil _if1e3
ien it A = [ AEEE g _2]'

sin2 @ + .0 + cos? g

‘ 1
sin? 0+ cos? § = |

- ¥
: ion (1), we get e
substituting (2) and ) m“przss’ois 1 [ 0 1 "J '
8 Li-1 0 -6 3
1 ’ -6+ ()]
a=3]3 s _,JZ_z 6 0
L )
4 35 -4 °o 7 ! {
1 - (5
=] 35 -3 - 3 0 -3 o (
2 alL-1 30
-4 - ——— 13
m Skcw-sm}rmlric to
“matrix watrix 1
cos® 0 sin GJ‘S
= T & 0 1 0 an orthogonal
() Show that the matrix A L;n @ 0, cos® Matrix, ®
tion : . |
Sola cos® 0 sin 9] !
: -/ o 1 0 3
Given A [—sin 6 0 cosb "Jr @
cos® 0 -sin@
A =] 0 1 0 y
sin 0 cosB .
cos® O sin@ cos® 0 -sin@
A-A = 0 1 0 |- .0 1 0 e
_sin® 0 cos8) [sin@ 0 cos@ y
cos? 6 + 0+ sin? 6 0+0+0 -sin®cos @ +0+sing o
= 0+0+0 0+1+0 0+0+0 _“17.8
—sin6cos6+0+sinBcos® 0+0+0

il

(U}

If A is any square matrix, then its determinant is written as det (A) or |A ] A determinant can be formed

its value =

14
& -1
WA [ 2 ﬂ B = [ ,].vmry that (ABY = B A*

-3 I S
A = [2 _l]. B = [2 -1 ‘],v:r"'_/mnl (ABY = & A wm
[2 3 - ] !
wa=14 5 ol B = i 3 verify that (ABY = B’ A"
[:m a sina :
A= |_¢sina cosa cverify that AA" = A" A = | where | = ldentity matriz

Verity whether the given matrit A is orthogonal?

22
A=Ll2 -1 2
32 2 41

Express the matrix A as the sum of symmetric and skew-symmetric matrices. where

-1 7
A=|2

ow
[P
—

s
[l 2 -1 1 0 o

HA=(3 0 2.B=i2 1 o Y = WA’
305 0 0°1°3 verify that (ABY = B'A’". [5°08)
9 S .

-1 3 3 0 3 2

9 + S

2 32 -3 0o 2

3 2 5 2 -2 0

Determinant of a Matrix

ing the clements in the same positions as the matrix A and replacing the square brackets by vertical

23 2
[4 sl.lhmdn(A)ml.MaL ’5\

QS -®H3) =10-12= -2

Singular Matrix : A square matrix A is called a uingular matriy, if det(A) or |A] = O
Non-singular Matrix : A square matrix A  called a non-smgular, if |A}# 0.

Important Property ¢
AB] = |AI-|B]
evenees ILLUSTRATIVE EXAMPLES .........
’ [ §
UA-[" 0 1] pala 3| showthat the matrix AB s u nonsingular.
12 3 3.3




Solution

" 2x3_Bis3X2. B
Al T 0 1 ' ,Mfulcas
e e el enerB -
A =11 2 M1 3,1 51‘] B ¢ 3 %l B =[5 5] show wat AB s non-siogutar mauin
3 2 -1 1 [ '
1 -1 s) If A= - . B =\~
AB =7 10 ¢ [3 ¢ O] Ki -‘Xﬁ“d‘m\‘hmm‘m‘hwhﬂ
N Y <l 5 -1
|AB| = ’; 15, = M0O-CN I e (2 3] o= [0 3] vy wanram = aat ey
4 3
= 10+7 = 1720 m A= (H ARENE ') fna =By
. ABisanon-singularmauix. 1[2 2 1 k
i . . @® A= 1 2 2| find|AA’).
ara=[3 ‘3'5=[; -ﬂ"“’"""'“'=|“llnl 2 ‘
Solution t <eeeeeee. ANSWERS
, [2 1] [‘ 2] .........
AB =g 3JL3 - ) |A| = -12#0 .. Matrix A is non-singular.

243 4- 2] = [5 2] @ 4Bl =120 = MurixABisdnonsinglar

=lpg+9 0-6J7 L9 - @ |aBl =6 <+ AB is a non-singular matrix.

2 ) |AB| = -10 . AB is a non-singular matrix.

|AB] = ’g -6, - §)(6)-©®@ =-30-18 = -4 " 1A-Bl =0 i
) X - @® 1

)]

‘;, - @®-OW =6-0

3]

§’ SE-O@ =-2-6=-8 -

A=t

i = [

1

s [

B| = ’;
JA[-|B] = (6)(-8) = 48

From results (1) and (2), we have :
|AB] = |A| |B]

«essereee EXERCISES .........

Now
= 6

2 -1 3
M) IfFA={4 1 - i :
[O : 213 , find [A[. Is the matrix A a non-singular?

@ra=|[] ‘;] B=[-3 4} . ;
4 -5 find AB, [AB|.Is the matrix AB a rion-singular’

3 If-A=[3 g —f)]' B=[5

-2
0

1
3
1

J’ find |AB . Is AB a non-singular matrix?

44 MINOR AND CO-FACTOR OF AN ELEMENT 2
OF A SQUARE MATRIX
a1 312 213
an "n}
ap 2n

1
Let a squarc matrix Abe A =&

an
a

an A 23
its determinantis|A] = {2n 32 2p
ay 23 AWy

terminant |A |, let the i®* row and the §® column be deleted and a new determinant is
- 1) rows and columns. This pew determinant is called the minor of 3; and denoted by

Now,

(1) In the de

formed having (n

M;;

Thus, in the above determinant |A|, the minor of ag ist
a3

5

we can write minors of all elements of |Al.
ement 3 is the signed minor of 3

a

= 3
In the similar way,
(@) The co-factor Cyj of the el
Cy = TE)AEES UM
For instance : Czy = (=¥ M = (=1)® My, = Mn
In other words, minor with the corresponding sign of an clement 2 in \Alis called its co-factors.”

determined by the rule.




r co-factors is as belgy, .

4.38 pattern of signs fo

"3y In third order determina’ty the
(] I
Iy -
+ -+
_ a, '17); c 23x 3 order determinant, then i A
@) Let & orD =
@ ‘” ofzach clcrﬂﬂ’t of either first row or fiest column 5
order determinant laklng minor " '
C‘I b I +eilay b
A =7 b; jon of a dchrmlnan! first row-wise. With the al
pans}

This is called the €X
sion, we can easily {1 find the
(bycs - bs c)—bi (323

value of 3 determinant.

expan
R

—ayc;)+¢ (a2 by — a3 by)
-a

= Real number.

45 ADJOINT OFA MATRIX

@ WbmALusq-uanmah-ixoforﬂerzxz:
2, ‘"‘nl
on <[ ] w2 \
= (an) (a30) — (az1) (aj2)
‘We define, e

Ay, = Co-factor of clement 2y
= D)'*1My =My = an
Ay = Co-factorofap
= (_”uz Mu e 'Mlz = -2y
Ay = Co-factor of 2y
= (-)** 1My
Ay = Co-factor of ay
= (-1P*2Mp = My = 2y

-My = -ap .

be
® Wiy I“en

P of thig

iy

- are co-factors of a, by, ¢ in the determinang n o-factors is
byoe L i i
. y inant | A |, then the matrix of ¢ i
B, ¢

By C,

AL B G

Ay
={A1
Ay

P, say.
Transpose of P

AL Ay A,
=|B B B)]
Ci C; G

"

adj A

ILLUSTRATIVE Eumpuas

A= [‘; 51, find agja.

Solution :

Given A= [g 5\] 1A= \6 5\ = \* "\
=® M-
=6-10=-420

Now Ay = Co-factor of element 6

= +1
Az = Co-factor of element 5
=-2
A, = Co-factor of element 2
To=-5
Ay, = Co-factor of element 1
=6

P = Matrix of co-factors of elements in | A|
1 —2]
-5

adjA = Transpose of Matrix P

Then, matrix of co-factors = [2” i”] : - [ 1 -5]
21 22 4} -2 6
Now, !hemposcofmcmamx(A,)lc co-f: ‘
actors is called th 12 3
byadj A. ’ ed the adjoint of the mam"AﬂﬂdlSdcnn ) Compute adjoint of matrix : i\l 3 sl
s = 1 5 12
aj A= Tx:nsposeof the above matrix of co-factors e diullon ;
A ) :
ilz “.] [:22 —a,,] 1y 24443 Yy 32 Ay
T4 ap |z a Ay
® Wh Let A=l1 3 SX— LI
enAlsasq"-";Ematnxororder:,xg 5 1 5 12 a A
a
= [‘*2' b 2 a by 1 R R TR L S S N
N 3_1 bJ c ,A' 32 bz 02 ~ . ‘A\ - 1 3 5 - oy an an = |- + -
f 3. a3 by 3 ; ) N 15 12 3y A Ay + - o+




TR 1% columri element,

fay i€
An _ Co-factor © , 8l - .
o (D Mn = +,5 12 +( 25) = 1)
1 1 _oa2-9 =77
U
1 3 _+(5-3 = +2
Ay = +,l 5
2 3, a1 =9
An =75 12
L3 -eqz-® =9
An = +’1 12
N r ﬁ _-¢-n =73
n =71
A _+’§ 35, . +0-9 =1
31
i ,1 %, _-» =72
A T T1
s =+,} 23, . +0-2, =1
Ay Az AAIS [11 7 2
Ay A2 An|=|9 9 -3
Themauixofr:o—factors —[A;l a Aw 5.8 1:|
Hence, ‘/nde = Transpose of matrix of co-factors
4 nm-9 1
/ [7 )
b | 2 -3 1
_ ' o EXERCISES ........c
' i T m Find adjoint matrix in each of the following matrices
/ 2 3 1 12 0 )
. ? o[ %] ® [l 2 3J C) [—1 3 4] @
3 V 3.1 2 -2 5 6
7 1-2 3 2 5 3 33 4
@[o 21 o312 @234
-4 3 2 1 2 1 05 1
1 2 3

@ IA= [11 compute adjoint A and verify that A (adj A) = |A | L

i
12

(3) Given the matrix A =

3
5

1 12

12

11
2 4

2 5 3
[3 1 f:l Compute adjoint A and prove that A (adj A=

Matrices

3

l‘-": -

o

s
_,‘ IS

<reeeeee. ANSWERS ..
7 - [
(hH @ [u 3] (b)x7 1 _T\ -2 -12 8§
-5 1 Sl R —“;\
-13 -2 7 713 -4 -
) {_ B —X © Ka o o T
0 - 8 5 2 (U] -\s -\\ _\g

1 -1

[3) {—2 3
-2 3
4.6 INVERSE OF A MATRIX BY ADJOINT METHOD

1f A and B are two square matrices of the same order such that AB = BA = 1, where 1 is the unit matrix

then the matrices A and B are called inverse of each other
For instance,

3 1] [ 2 —1] [2 -1
=1 o
(3 2dLs Tah=reme L5 A B
3 1] a2 ]
5 2 an _5 3] arcinverse of each other.

Remarks 3
(1) Theinverse of a iatri*. A is usually denoted by At.

(2) Ifthe inverse of a matrix A exists (i.e. A" exists), then A™ - A=A+ A'=1
(3) A square matrix does not necessarily have an inverse. A square matrix A has an inverse, if and only

if A is a non-singularie.|A|# 0.
(4) 1f the inverse of a matrix exists, then it is unique i.. it has only one inverse.

(5) Fora non-singular square matix (A" = AL

(6) For asquare matrix A, (A" = (AY if|A|#0,|A|# 0.

non-singular matrices A, B of same order (ABY™ = B AT
¢ following important result ©

§

il (7) For

Nowif|A|#0ie.if \he matrix A is a non-singular, then we have hy
=adjA-A= AL (D

A-adj A
=Al-A=1 o)

Moieover, A:A™
Substituting for Tin result (1), we get
A-adjA = \AlAAY
adjA = |A} A
adj A

4
A7) _—
1A
ed result for A= by adjoint method.

This is the requir




1

2 37 . .
x|z 4 5} using the relation A1 _
Jl)ﬁd (he inversé ofa matrix L i

Solution ¢ | 2 :;}
= 4
Let A '[g ‘s 6.
/
12 5;/
=2 4
Ial /3 4

_ 1(24_25)_2(12—15)+3(10~12)
L 1en-2(H+3ED

= -146-6
=-120 A is anon-singular . Al exists.
TofindadjA: .
12 3. [ l;; <
Let® Al = /2 4 51 = [& <, say.
. l 3 5 6 a; by o
Finding co-factors of elements of |A ], we have :
A = Co-factor of a; (i.c. of glement 1)
4 5 T N
=+IS 6 = +(24-25) = -1

In the same way, we have

B =-Iz 561 =-(2-15 =43

‘;I = +(10-12) = -2

3
c =+I32
2
A =-I5 36’ =-(12-15) =3
{2
Bz =4~I3 %’ =+(6..9) = -3
¢ =-!

'IJ
cufp
& +l4 5[ =+(10-12) = -2
n,:-/l 3l .
2 5| =-6-6 =
2

C =+/1
PEt2 4 =+6- o

2
J ==(5-6) =1

. ILLUSTRATIVE EXAMPLES

1 X
1A] “adj,

-, o &

o s

.

. A
. The matrix of co-factors = A; BB‘; CC‘X -1 3 -y
2| = b
i Ay By C, ey 3\ \A
adj A = Transpose of matrix of co-factors )

A1 3 -2
=133 3
-2 1 o
~ 1 : -1 3 -2
A‘=—-ad]A=L{ 1-3 2
A = 3 - =
TAl 1_231},__33_%

~ 2-10
- .
< Al by adiok 203 1
R /(2)/]:mdA y adjoint method, if A =K‘ 2 3|
31 2
Solution ¢ N

2 3 1
Given A=|1 2 3
3 1 2

2 3 .
1 3 b
=l e
312 a3 by ¢ '
Expanding the determinant first row-wise :

Al =2(4-3)-32-9+1(1-6)

=2+21-5
=18#0 |
Finding co-factors of elements'of |A |, we have :
_ 12 3
I?q =+1y 2\ =+@-3) -=1
__ns3
B, --\3 S| =-e-9 =7

¢ =+\§ 21\ =+-6 =-5°

A =—\3‘ 17_\ =-6-1) =-5

B, =+\§ ‘2\ == =1

g =-\§ 3‘\ =-@-9 =7

Ay =+\:; ‘3\ =+09-2) =1
2

By = -\‘

23
G =+\\ 2\

™
-
un
]
—
=
]
=
=
n
1
wn

"
+
—
=
|
w
=
un
—




/.

=| A
A Mnuixcfc&faclors—[f\] d

bove mal rix of co-factors
" se of al
'} A - lrnlnspo

|7 1 -5
-5 7 1
Then. according t© the adjoint melhlod

.

_5 7}
1 -5
o_1[ 7 1
s A= R] adjA=1g|_s 7 1

(1) Find the inverse of the following matrices by adjoint m;lhﬁ:
cpd ek3 el

-1 . 1 2

o3 o347 ki
ANSWERS .........

we [273] o3 ]

{47 EQUATION IN THE MATRIX FORM

Consider the matrix equzﬁona_g
[ wll;
2,
Thlsgzycs 4 x+ bl

] 5
2 x+byy c
By equality of matrices, we get

g x+by=g¢

L Xx+by=oc,

The converse in true.

For instance, the set of equations 2x + 3:y 5
=

%

-y =2

EXERCISES .........

4
© 3
-1
32 6 0 0-l1 3.2.°6 &
(c)[l 1 z} (0[0—1 2] (g)[l 1 2 5
2 25 -1 0 -1 2 2i:5): . !
. ol

a set of si fons in
simultaneous equations in two unknowns

Cc 1 7 -5
=5 1 7
Cs 7 -5 1

i .qamces /_\
tten in matrix f
," be wril orm as 445

2 31GY- 6]

similarly, consider the matrix equation as

R a, b1 ¢ x dy
b | a b o9 {y]:{d,‘
. § a; by oallz
ax+by+c &
.\ This gives &zx*b1y+cla_ &
1 a3 x +byy+cy
Fr By equality of matrices, we get
8 - ax+by+rcaz=4
",&_ pxtby+taz=d

0

a3 x + b3 ¥ + €32 = dy, aset of simultaneous oy
{ The converse is true. equations in three variables (uni ,

—

2x - 4y +32 =1
x — 2y +4z

3x — Yy +5z =2 canbe written in )

‘matrix fc .
2 -4 31 [1U AR
1 -2 4llyl=13
3 -1 Sliz 2

4 s}
-8] @ [-.2 )
3] 3 18 SOLUTION OF SIMULTANEOUS EQUATIONS

3 INVERSION METHOD B SIAIRI

=3

-2 " For instance, the set of equations
oJ »,
1 s i
o
<1
\

The set of equations

.. ax+bytaz=4
A px+byy+tcz=4d;
4 ax+byy+cyz=4dy

an be written in matrix equation as

T
g
|

OR A-X=8B (D)
a3 by o
there A= [az b, 0;} = Matrix of coefficients of x, ¥, Z.
% ay by .o

X= {y} = Column matrix of unknowns.

= Column matrix of constants.

=]

1
—
& &5

-ty




=1
=X

P A ‘Wlnvcrudlhemmduunmﬂxdhm&u'
2x+3,_1~3=0.Sx+y+h=m.h‘ly-holsommﬂ them.
ve

X _'A' L ogjA-B
- ices, we find the values of unknowns x, ¥ and » 5°l““0“.
Funﬂy by equali®y © mz:‘knoﬂms is called the matrix inversion methodL e st of cquaions b S eriine
of finding 0"”""«4 { e
o This method 0 sx+y+3z =10
W“ﬁ‘ ........ [LLUSTRAHVE EXMI"HLES LY = ax+3y-22 =3
; T writing them in matrix form, e get
) rmdmemmseoflhm‘m““’mm“m”q“"m e Sray o 431 H F’]
o 5 Y=
siuuzaaﬂ""" 3 L T Matrix of coefficiexts
: 2 3 -1
o T
2x+5y = ) :
n! 5 22 ! 2 03 -1
xbe:nm‘“’ M;'wchm- IAI=\i 3 a\zmdm&
I IHE []5 L
B o
2 5 —(2)(3) (I)(s) J =-33+66
1= 0 2 e x E:
b e '[] B = [9] X={’]= Matrix of unknowns B = | 10| = Mazrix of conscasts
z ‘ =
aGA = Interchange elements in leading diagonal of Aandchangem: Tofind A :
in reverse diagonal of A. o PR S
-[3] e m“\ ' 3\=\’"'"‘°°\'“"
s 4 3 2l b o
) . _'_ladJA ]jA,.Bl-CI-' mm-facxmsofd:mmsn.b\ € eee hea webave
A
i - —(-10-12) =22
15y | Y
=1 2
Nex X =al.B =§\s E i
-3 | :
L !
- [] 27 2] [2]
B
n,:-z;l;btyofmmm,x =2 y=1
¢ required solution.




’3 —l,=+(9+1) =10
=4 3

C; =+’5

= A 2
The matrix of co-factors = [A, B; G

giA = Transpose of matrix of co-factors
ad) =

11 3 10°
_| 22 © -11
11 6 -13.
L[ 11?]
1 oLl 22 0~
A—|=I.A—l-‘ad]A—33[“ 6 -13

Next, X =A"-B givcs '

By equality of matrices, X = 1, y=-1, z=2

" This is the required solution.
By ' (3) Solve by matrix method the set of equations :
2x+y =3, 2y+3z =4 2z+2x = 8.
Solution :
Rewriting the set of equations, we get
2x+y+0z =3
Ox+2y+3z =4
2x+0y+2z =8

Writing in matrix form, we get

k3 -]

.

ST

2 -
lM:\g 3 :-:\ GO 10-6o

1 || 1

l4t0
. Tofind A7
2 1 0 A by ¢
=10 2 :
Le 1Al \1 0 z\ \ﬁb'o‘
2y by ¢
1f Ay Bis Co oo are co-factors of elements a,, b, i
o 5 14 D14 €y, ... respectively, then «
v=+lg | =4-0 -4
__f0 3
2

"

2 1
Cy =+\0 2\ +(@4-0) =4
TAL By

B L R TR

The matrix of co-factors Ay

adj A = Transpose of co-factors matrix

4 -2 3
=\ 6 4 -
4 2 4

. ‘\4 -2 3\
a= L agA=gg| 6 4 -
VN R R U (VS S

X =A'B g'\vcs

‘;AKG : 4\\\

»
|




°
®® PROBLEMS OF BoARD PAPERS o¢
L

(1) Find adjoint of matrix A if A {; ° -l.'a}
0 -6 (W07, 5°08, Marks 4

1 0 -
Ans.Let A =[3 & 5]=[2 bt:‘ <

EXERCISES ......... .,' :
l 0 _|
-

K = =-1,z=2
By equality of matrices, We get X= 2,y y
This is the required solution.

. |A] =

! z [
and hence solve the CQuatigng bz i ‘

3
ix[3 -2 5 0 _6 p
(0] ﬁndlheinvcrseoflhcm:nlnx[2 22
= 5z2=5 2x-3y+6z =7
x+3y+22 =6 3x-2y+ HA
. = 4 4 |and hence sol
(2) Find the inverse of the matrix A i veiit equaﬁuns:
= 12, x+4y+4z=15 x+3y+4z = 13
s in the matrix form and hence soly,
© thep,
b

Ay, By, Cy, ... be co-
AR factors of elements a..b;. Ci. ... tespecti
Jements in the determinant while finding co-factors of el - fespectively. Remember the signs of
ments

= 4 5
A=l e 7] =-8430-,

x+3y+3z
(3) Express the following sets of equation

inverse of the coefficient matrix :
@ x+2y =7 ! b 6x—-3y+1 =
4x+3y =10 1x-5y+2 =
© x+y+z =3 @ X+y+z =
3x-2y+3z =4 3x—y+3z
Sx+5y+z =11 Sx+5y— 4z
© x+y+z =2 O 4x-3y+z
y+z =1 X+4y—22»=
2X-2y+3z =
0
i ' * 4\ =+@-0 =4

)= -8

z+x =3
(4) Using matrix method, solve the following equations :
X+3y+3z = 12, x+4y+4z = 15, x+3y+4z = 13 ; ¢ A B
: y v C =
o Therefore, the matrix of co-factors ={ . B clzl - Yﬁ 1_\7 1%\
PR S

eeeeeeees ANSWERS ......... Ay By G
() x=-1, y=1, z=2 . Hence, )
adj A = Transpose of matrix of co-factors
2

@ x=3 y=2 z=1 {
’ 6 4
: =\:21 -1 --k

@ @ x=1 y=2 RS
g @ x-y_—3 © x=y=z=1 ' 1 -
' - 4

@ x=1, y=3 ;-3 ¥ N
@) x=3 y=3 ;= © x=1, y=-1, z=2 O x=2, y=3 222

@2 If A= [2 41], prove that A? - 3A =21, where ‘I’ is unit matrix of order two.
[W’07, Marks 4}

Ans. Solved Problem (7) on Page 4.21. Practice yoursel.




@ A= [ e

Jution ¢ "
£ onder of product

g 2x3.0 " AB is 2x3
3 Bl.‘JT

-1 2 [
_s][J 1 o
Ais2x2, Bis3X2

7.]
ATis3x2
. B'A’is 3 :)] 3 ,]
n o= -1 -3 5
BA [2 1

we have

As 2%
equal

AB = [l

3
=2
1

(AB) =

3 8
=|=-2 =1
7
Comparing the results () and (2),
(ABY = B'A’
“) .Uslng matrix method, solve the following equations :

x+3y+3z =12 x+dy+dz = -

15, x+3y+4z = 13,
Ans. It is similar to solved Problem (3) on Page 4.48. Practice yourself,
The answeris x=3, y=2, 2= 1.

wua-[} 3] n=

Ans. Problem-3 (j) of Exercises on Page 4,30: It is exactly
Page 4.23, Practice yoursclf,

1 2 -1 1 0 0
©) IrA =[3 0 2,B=[2 1 0],verify that (AB) =
4 5 0 0 1 3

Ans, Problem (9) of Exercises on Page 4.35, Practice
(1) on Page 4.32,

(7) Using matrix Inversfon method, solve the equation :
Xty+2=3 Xx42y43 = b X+4dy+97 = 6

Ans, The set of cquations is '
Xty+4z =3
X429 437 =4
X+4y+ 97 = ¢

] verify that (ABy

()

= (2)

: ] Ci= [ 2 o] verily that (A o,

similar (o s0lveq Ptop

’
.

yourself, It is exactly simjjyr 10 80lyeg

|

99, 8,
= 1y

l\r‘ﬂg,’1

(S

(5%

S'08

~Sery,

0

atrices

Let

X

[}

To find A

Ay

C
A
. i
G
Ay
By

e

A exists,

d 1
Lcl|’\[=,:

Let A BLCy o

B =

I
I
1

) 3
Matrix of va
ariables, B = i‘ﬂ = Matrix of constants

|
2
4

1
2
4

d

Writing them in mateix form, o,
1

3

9

1

3
9

- be co-factors of elements a,

It -

3 by ¢
=l® b o \. say
a3 by ¢

“ get

[ 1
A =1 2 3
L 3 ) - annn'u»-ffxcwﬂﬂ

T —

) T 1

1Al =\l 2 3
14
""”'"‘7"1")-3»«114-2,
=6—I,42=7,,;,

+by.€, ... respectively. Then
2 39\=\x-\2=

PR D RE

B 24\=4-2=2

. ‘;\=-w~4)=—s

11 l()\z‘)-l:t&

11 14\=_(4_‘)

% ‘3\ =3-2121

‘1 ‘3\=-(3-n=-2

i ‘2\=2-1=1

B, C,
: %)
ll; c!

6 -6 2
=5 g -
1 -2 1




Matrices  —

6
6 8 -2 3 Solve
¢ an Solve by matrix method the set of equations :
x+y4+2 =2 yrz =1, 24x =3
(S'09, Marks 4]

Ans. It is similar to solved Problem (3) on Page 4 48, Practic
. e yourself.

_ A" B gives
p s 1 3 1 Thcnnswerh x=1, y=-1, 2=2.
1l 8 -2 i 3y
=2[q _3 ulLe (mlf'\=“‘}'“-i3 Ilverlt
b= Z|verify that A4B = B+A. K
18-20+ 6 St o
1[ 332 12 - Ans. Solved Problem (11) on Page 4.11.
1 ~
=2 g-12+ 6 S a =2 5 onaar
4 a3 [6 -,] sfind A? 4 4A + 21 where I is unit matrix. (W09, Marks 4)
.1 [ZJ Ans. Itis similar (0 solved Problem (8) on Page 4.21. Practice yourself. The answers |35 5
< Lo. Ltis a Problem-1 () of Exercises on Page 4.28. T8 ™A

19 Find x and y, if

1 T PR B R N BT o

[l

BywualilyOfmlﬁxs,x:z’ y=1 z=0. £ )
1 2 3 o | Ans. It is a Problem-4 (d) of ExcrcisswnPagc‘%.}o.PracxiuyoumlLThcanswn'\s x=2, y=4.
A ®UA=|2 1 2/,find A2-3L 1 ! as) Express the matrix A as sum of ic and sk k. whiege
i 1 -1 3 (Y -1 7 1 )
5 ) 1 2 37[-1 2 3 8 -3 10 A =[ é i” ‘ﬂ (W09, Marks 4)
g § AsAZ=A-A=| 2 1 2/ 2 1-2(=|2 3 14 >
1 -1 3 1 -1 3 0 -2 10 , 9 s
4 ) : -1 3 3 0 3 -2
- Ais3x3 .~ Iis3x3 Aus. Problem (8) of Exercises on Page 435. Theansweris | 9 5, \*+ S o 2\
i §-3 10] [1 0 0 ; 2 T2
= £ { A-31 =[2 3 14[-3]0 1 O A . 3205 2 -2 0
J 0 -2 10 0 0 1 j Itis similaf to solved Problem (2) on Page 4.33. Practice yourself.
5 -3 10 1 3 2
< & =[2 o0 14 ’ (16) Find theinverseof |3 -2 S‘bend\oimm\hodandhmm\ve\hee@aﬂnns
- 0 -2 7 2 -3 6
W09, Marks 4}

x+3y+2z =6, Ix-2y+5z2 =5, 2x-3y+6z =T,

2 ®IrA-= z“ﬂ,,:[z -1] R A A '
A : al B = AT (80, Ans. Problem (1) of Exercises on Page 4.50. The answeris x= -1, y=1, 2=2.First find adjoint as
ns. Practice yourself as usual. It is similar to solved Problem (1) on Page 4.32. 3 shown in solved Problem (1) above. Ttis similar to solved Problem (2) on Page 4.47.
i P ' 1,23 2 0 3
(19). Find the adjoint of matrix A, if A = F o A A= b : ﬂ, - h ] _;X‘ﬁnd . (10, Marks )
8 2 10 ’ [S'09, M
i Ans. Solved Problem (2) of Iilustrative Examples on Page 4.8. Practice yourself as usual.

-4 4 -3
The answeris | -12 8 13
8

10 -8 -1}'
7 15hx3 ‘

Ans, Practic, .
e 3 W
yourself as given in solved Problem (1) above. The answer i [ 30 38 4
- is [-30 -38 .
‘ -2 14 -}




F.Y. Dip. in Engq

-1 1 1
a2 4 4
¢ of the matr® A [3 2 1

2) of Niustrative Examples on p,
age 4 5
39,

(18) Find the adjoin!

o solved problem (

Ans. Itis similar (
-4 1 o
answeris [ 10 4 6. hcg
-8 -5 6. ,

3 -1 ] L \
a9 A= [lz ‘g], B = [! 0 0 verify that (AB)T=B1'AT )
. . . Y

Ans. It is similar t0 Pproblem (3) on Page 4.52. Practice yourself in the ik : [s'l
1 2 -2 A gy .o,\

. 8 4 -[-1 3 0 usingadjoi A '

(20) Find the inverst of the matrix A L el 2 adjoint e ;

(N}

Ans. Problem-1 (€) of Exercises on Page 4.44. Practice yourself. The answer jg [3 2.5

) ; 6y R
ing matrix method : 2 1]' )
®eecscseee

(1” Solve the equations ust
3 x+2y+ z = 4; x+4y+9z = 6. ;
: i BINOMIAL THEOREM

X+y+z =
o solved Problem (3) of Illustrative Examples on Pa, [ !
A ge 4. S
48. Pracﬁce lﬂ:}q’
Yo )
5.1 INTRODUCTION

Ans. It is similar t

The answeris x=2 y=1 and z=0.

An expression containi W ly
pl nl-amlng two terms only is called a binomial
! " expression.

1 24 F

X247, ... are i 2.
X+ ) . i ot instance, X + 2,
x x Afte g the bi

pressi we get more than

S
Al two terms. For instance,
(x+a)? = X% +2ax +a?
K. (x+2)? = x* +3x%a+3xa2 + 23

In this chapter, we will stud s
© ly the expansion of "
it , (x+ 2, wha "
| known as : inomia Theorem. Thls Theorem was esablished by s_(cver the ‘n’ may be, by the theorem
of factorial notations, permutations, combinations is very ualtr SRt i sl
essenti

' 5.2 BASI
| 5.2 BASIC CONCEPTS USEFUL IN BINOMIAL EXPANSION
‘While expanding binomial ex i f . i
1 iated with the expressions of ‘:‘f‘s“? to positive integer (n), we use Binomial Theorem. This
| [ which in turn require the knowledge of Factorial

| 521 Factorial Notation

| deno’{;cbt;or{;nu;usnp;oducl of the first *n* natural numbers is called ‘factorial n' or ‘n factorial’ and is
Y | . Thus, n! =1:2:3:4-..(a=-1)-n
3 5! =1:2:3.4.5 =120
bl | 3! =1:2:3 =6




